
Figure 1.11 : BH spectroscopy with a GW150915-like event using LVKI or ET. Left: bounds
on the frequenciesf lmn and damping times� lmn . Right: bounds on the excitation amplitudes
A lmn [296, 303] and phases� lmn .

agreement with a Bayesian analysis on the detectability of a secondary (330) mode (see
�gure 1.12), which is very challenging with current detectors, mostly due to the limited
SNR [30] (see also �gure 1.11).

Exceptionally loud events with � RD > 100 are expected in ET on a yearly basis and
they will deliver the tightest constraints as individual events. Regarding the ability of dis-
tinguishing a ringdown waveform in GR from that in an alternative theories of gravity, a
study in ref. [308] shows that percent-level deviations from GR can be identi�ed with SNR
� RD � O (150 � 500), which is well within the ET capabilities. These results are also cor-
roborated by speci�c case studies in modi�ed theories of gravity [309{313]. They rely on
the QNM spectra in modi�ed theory which are currently available for Kerr-Newman BHs
in Einstein-Maxwell theories [314], slowly-spinning BHs in theories with quadratic curva-
ture corrections [311, 312, 315{317], Horndeski gravity [318], and higher-order e�ective-�eld-
theory gravity [264] to di�erent orders in spin and coupling constants.

Finally, at large SNR the ringdown analysis might be a�ected by next-to-leading or-
der e�ects in perturbation theory [319{323]. A recent analysis showed that the dominant
nonlinear mode may be observable by next generation detectors for few tens of events per
year, although such results depend on the event rates [324]. The loudest signals can provide
constraints on the quadratic mode frequency and damping times of the order of few and ten
percent, respectively.

1.3.2.2 Tests of exotic compact objects with quasinormal modes and echoes.
If the remnant is an exotic compact object (ECO), the amplitude of the QNM will be di�erent,
and new modes associated with matter �elds may be excited. For a nonspinning object the
perturbations of the remnant can be classi�ed as axial or polar, depending on their parity.
For BHs, axial and polar modes are isospectral, whereas for a horizon-less compact object,
axial and polar QNMs form a doublet [325]. In the limit in which the ECO is almost as
compact as a BH, the deviations from the BH QNM spectrum are increasingly large and the
QNMs are low-frequencies and long-lived [326, 327]. These modes are trapped in the cavity
of the e�ective potential formed between the light ring and the compact object interior.
Furthermore, the internal structures of regular [276] or (integrable) quantum [277] BHs can
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Figure 1.12 : Posteriors of the �nal mass, spin, and amplitudes/phases of the 220 and
330 modes, and of the 330 GR deviations (�f 330 and �� 330) for a GW150914-like remnant,
detected with ET in the standard 10-km triangular con�guration. Here, AR is the relative
mode amplitude. The 2D distributions show 68% and 90% credible levels, while the dashed
lines in the 1D distributions mark the 90% credible intervals. Black lines indicate the injected
values.

induce modi�cations in the outer geometry predicted by GR [328]. These modi�cations will
a�ect the geodesic motion and ringdown phase after the merger. For example, by modeling
the external geometry with a quantum coherent state, one expects deviations as large as 5%
from the QNMs of the pure Schwarzschild geometry [231]. Measuring QNMs may also enable
tests of black hole area quantization [237, 329]. This is being explored through analytical
methods incorporating a minimum-length metric to study the impact of area quantization
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Detector con�guration � R =R[%]
R = 0 :01 R = 0 :5 R = 0 :99

LIGO-Virgo O4 4104 67 0.56
ET �-10 km 422 6.9 0.058
ET 2L-15 km 327 5.3 0.044

Table 1.2 : Fractional percentage errors on the measurability of the re
ectivity of compact
objects for small (R = 0 :01), medium (R = 0 :5) and large (R = 0 :99) re
ectivity of a
GW150914-like event [16].

on the ringdown [330{332].
In the time domain, the prompt ringdown signal of ultracompact objects would be nearly

indistinguishable from that of a BH since it is due to the excitation of the light ring [326].
If the object does not absorb GW radiation, a train of modulated pulses { known as GW
echoes { would be emitted in the late post-merger stage in addition to the ringdown expected
from BHs [326, 327, 333, 334]. The amplitude of GW echoes depends on the boundary condi-
tions describing the compact object and the initial conditions of the perturbation [335{340].
In particular, the echo amplitude depends on the re
ectivity of the compact object to ingoing
perturbations, whereas a BH is described by null re
ectivity at the horizon. Several searches
for GW echoes have been performed based on the superposition of generalized wavelets
adapted from burst searches [341, 342], Fourier windows using the fact that GW echoes
should pile up at speci�c frequencies [343, 344], and the coherent WaveBurst pipeline [345].
Following some debated claim [342{344, 346{351], the LVK Collaboration found no evidence
of echoes in GW data [8, 38], both using a template-based search [346, 350] in the second GW
transient catalog and a morphology-independent search [341, 342] in the third catalog. The
ET observatory has the potential to observe (or rule out) GW echoes emitted by horizon-less
compact objects in a much larger region of the parameter space relative to the one currently
available [339, 352{354]. It is estimated that models with perfect re
ectivities can already be
detected or ruled out by Advanced LIGO and Virgo; whereas excluding or detecting echoes
for models with generic re
ectivities as small as a few percent requires SNR& 100 in the
ringdown, which will be achieved by ET [352, 353]. Ref. [16] assessed the measurability of
a GW150914-like event with di�erent ET con�gurations, particularly the triangular-10 km
and 2L-15 km designs. The parameters of the system are �nal massM = 70M � and �nal
spin � = 0 :68 placed at a �ducial distance dL = 1 Gpc. If measured by ET, the �rst GW
event would have had a ringdown SNR between 141 and 196 for the triangular-10 km and
2L-15 km con�gurations, respectively. Figure 1.13 shows the fractional percentage errors on
the re
ectivity of compact objects expected for a GW150914-like event with ET compared
to the Advanced LIGO and Virgo noise curve used for O4 simulations [355]. The accuracy
on the re
ectivity is a�ected by an order of magnitude between the O4 LIGO-Virgo and ET
con�gurations (see table 1.2).

1.3.2.3 Nonlinear dynamics of exotic compact objects. Previous tests focused on
speci�c waveform parts (inspiral or ringdown) as these regimes are conveniently modeled
perturbatively, forming a useful basis for model-independent parametrizations. More infor-
mation can be extracted from the full coalescence signal (inspiral, merger, ringdown) by
specifying an ECO model. This requires NR simulations which are primarily available for

{ 23 {



Figure 1.13 : Fractional percentage errors on the re
ectivity of compact objects for a
GW150914-like event [16].

consistent models like boson stars [248]. For instance, for the case of boson stars, simulations
of binary mergers have shown that collisions may result in a more massive star or a BH [356].
The stars' intrinsic properties a�ect the emitted GW energy and waveform [356, 357]. For
example, phase opposition between stars could lead to a repulsive force forming a dipole
con�guration [358]. Orbital mergers of boson stars have con�rmed that more compact stars
may collapse into a BH, emitting a similar signal to a BH binary merger [359, 360]. GW tem-
plates from Proca star collisions have been compared to events like GW190521, suggesting
that ECO hypotheses can sometimes �t observations slightly better than traditional binary
BH models, though more studies are needed to extend these models [361, 362]. While overall
it is challenging to distinguish ECOs from BBH mergers with current observations, the ET
improved sensitivity, especially at low frequencies, could ultimately reveal smoking guns of
ECOs during the coalescence. Furthermore, if ECOs are present in Nature, they could form
hybrid binaries with BHs and NSs, possibly producing an electromagnetic counterpart [363].
Highly compact boson stars are also expected to eventually decay into a spherically symmetric
state, with gravitational emission serving as a distinguishing signal [364].

1.3.3 Neutron stars and fundamental physics

Modi�ed gravity versus EoS. NSs provide the densest accessible medium to carry out tests
of the coupling of gravitational degrees of freedom to matter �elds. Testing gravity with
NSs, however, faces the problem of the degeneracies between the EOS of matter in the NS
core (still unknown, although increasingly constrained, see section 6), and modi�ed-gravity
theories [365{367]. In particular, measurements of the tidal deformability is not su�cient to
constrain/discard a modi�ed theory of gravity, since varying the EOS can mimic beyond-GR
e�ects, as will be discussed in more detail in section 6.4.3. In principle, the large number of
BNSs detectable with ET, and the accuracy in the measurement of tidal parameters [368],
can help reduce the degeneracy. In addition, reconstructing the dependence of the tidal
deformation with the mass from future ET data one can also constrain some of the parameter
space of modi�ed-gravity theories [369, 370] . Another promising (model-agnostic) approach
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Figure 1.14 : Mass-radius diagram (left) and dimensionless tidal deformability (�) and mass
diagram (right) of a NS with a DM core. Stars containing fermionic DM (green lines) are
labeled by the particle mass� (in GeV). The ones with bosonic DM (red lines) are labeled
by � 0~3 (in 10� 4 GeV4). Reproduced from [375] with license from the American Physical
Society.

to test gravity with BNSs is by exploiting quasi-universal relations, for example between
the tidal deformability and the spin-induced quadrupole moment [371] or between di�erent
tidal Love numbers [279] (see [372] for a review). ET will be crucial in this context, because
measuring the quadrupole moment or subleading tidal terms requires a level of precision which
is not achievable with current detectors. The same approach can be used to distinguish NSs
from ECOs [274].

Finally, it is relatively common in the numerical simulation community to employ simple
polytropic EOS because of their smooth behaviour that avoids propagating errors in an
evolution code. This common practice however disregards progress in nuclear and particle
physics [373], and leaves out the possibility of �rst-order phase transitions (non-analyticities)
in NS matter. Although this further complicates tests of gravity with NSs, it would be
important to systematically include such e�ects in future investigations (see section 6). New
physics parameters whose e�ect is a strengthening of gravity of order 10% are allowed and
degenerate with variations of the EoS. ET data should supply ample opportunity to test best
practices in the EOS inference, and modi�ed gravity could also be used to benchmark the
uncertainties in nuclear matter.

Dark Matter versus EoS. The possibility of DM detection in NSs has been already em-
phasized in the literature, e.g. [374]. Due to the large uncertainties, the impact of DM on
the NS's properties are model dependent. Figure 1.14 shows the mass-radius and the tidal-
deformation/mass diagrams for three EOS (black lines) and for EOS with added DM (see
also �gure 6.20 for a comparison with the e�ect of some speci�c modi�ed gravity theories).
Since ET will substantially increase the population of observable NS-participated binaries,
potentially detecting events near galactic centers where the DM density may be larger, one
possible strategy is thus to employ BNSs to constrain the parameter space of DM models.

Another test of DM-admixed NSs is directly from the merger phase. These can be
simulated using standard codes, for instance by adding a new 
uid component [376, 377].
The presence of DM can impact the properties of the remnant. For example, for a su�ciently
large boson-to-fermion ratio (� 10%), the quadrupole symmetry of the massive remnant may
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be broken by the bosonic cores. This would lead to a suppression of thel = m = 2 emission,
and give rise to a new peak, atf � 1 kHz, related to the m = 1 mode. Compact dark cores
in NSs have also been modeled as point particles in [378]. In this case, the compact dark
objects undergo orbital motion within the merger remnant, generating a GW signal with a
frequency of a few kHz. The signal is expected to be weak, but long lasting, and may be
detectable if integrated during the remnant lifetime (assumed to be su�ciently long) [378].

1.4 Searches for dark-matter candidates & new �elds

There is overwhelming evidence for the existence of DM, coming from various observations,
such as measurements of galaxy rotation curves, the CMB, gravitational lensing, and galaxy
cluster dynamics (see e.g. [379{381] for reviews). However, although the existence of DM
is by now a nearly irrefutable fact, its nature remains one of the biggest unresolved puzzles
in fundamental physics. At the same time, GW observations provide a unique and novel
way to search for DM signatures, potentially unveiling its ultimate character [382]. In this
section we summarize some of the most promising prospects to search and constrain DM
candidates and new fundamental �elds with the ET observatory. Notably, the possibility
to detect new ultralight bosons (much below the eV scale), either directly interacting with
the GW detectors or surrounding BHs in binaries, as well as other type of \environmental"
e�ects due to DM such as dynamical friction. As we shall see, these are complementary to
searches at particle colliders [382, 383], or with lower-frequency GW observatories such as
LISA [354], or pulsar timing arrays [384].

1.4.1 Direct detection of ultralight dark matter with interferometers

Searches for the imprint of ultralight DM �elds in interferometric GW detectors have mainly
focused, so far, on vector particles in the form of dark photons. The latter would cause time-
dependent oscillations in the mirrors, leading to a di�erential strain on the detector [385, 386]
(a similar behavior has been predicted for tensor particles [387].) Dark photons cause a
small di�erential change in the interferometer's arm length in two ways. First, the mirrors
are subject to slightly di�erent phases of the dark photon �eld [385]. Second, an equivalent
di�erential strain is produced by the �nite travel time of the laser light in the arms [388].
The overall signal at the detector's output is stochastic and narrow-band, with an amplitude
proportional to the strength of the dark photon/baryon (or baryon-lepton) coupling, and a
frequency spread of the order of 10� 7 f 0, with f 0 = mbc2=h, and mb the dark photon's mass
which, in range 10� 14 { 10� 11 eV, corresponds to frequencies in the ET band.

The dark photon signal requires the same type of methodology typically used for stochas-
tic (or continuous) GW searches [385, 388, 389]. In particular, cross-correlation and excess
power methods have been used to establish competitive upper limits in the frequency range
25-2000 Hz [390]. Figure 1.15 is adapted from [390] and shows upper limits on the dark photon
to baryon coupling U(1)B obtained analyzing O3 LIGO data, compared to MICROSCOPE
constraints on scalar dilaton [391] and E•ot-Wash torsion balance experiment on scalar parti-
cles [392], and to the predicted constraint from ET-D. As shown in [393{395] di�erences in
mirror materials (as it happens in KAGRA detector) can signi�cantly enhance the sensitiv-
ity to U(1)B � L gauge symmetry. As a consequence of the variation of fermion masses and
electromagnetic �ne-structure constant induced by the presence of new interactions, extra
scalar �elds can also change the size and refractive index of objects. Constraints on scalar
couplings, based on the variation of the refraction index and thickness of the beam-splitter
of GEO600 detector, have been described in [396, 397].
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Figure 1.15 : Predicted constraint on dark photon/baryon U(1)B coupling from ET-D
(blue continuous), compared to LIGO O3 upper limit (black continuous) and current MI-
CROSCOPE (dotted) [391] and E•ot-Wash torsion balance experiment [392] (dashed) limits.
Adapted from [390].

1.4.2 Environmental e�ects

1.4.2.1 Boson clouds from superradiance. Among the most suitable DM candidates
for which GW detectors are particularly relevant are ultralight bosons. The existence of such
particles has been proposed in a multitude of Beyond Standard Model theories, e.g. [398{406],
with the earliest candidate perhaps associated with the Peccei and Quinn's solution to the
strong CP problem [398, 399], implying the existence of a new light (pseudo)-scalar particle:
the \axion" [400, 401]. Bosonic �elds with masses in the rangemb ' 10� 21 { 10� 11 eV have
Compton wavelengths that are of the order of the size of known astrophysical BHs, with
masses ranging from stellar-mass,M BH ' 10M � , to supermassive BHs,M BH ' 1010M � ,
respectively. These ultralight �elds can then render spinning BHs superradiantly unstable {
a process in which the BH's rotational energy is transferred to the boson �eld, which in turn
condensates in a macroscopic \boson cloud" around the BH (see ref. [407] for a review).

The possible formation of such clouds has been shown to produce a number of GW
signatures. For example, given that rotational energy is extracted from the BHs, a robust
observable for this e�ect is the lack of BHs spinning above a certain threshold, which depends
on M BH and mb [408{410]. Therefore BH spin measurements, either from GW observations
or other probes, can be used to constrain the mass of ultralight bosons [409, 411, 412]. In
this respect 3G detectors will be particularly useful, since they will both provide accurate
measurements of the binary BH spins and will detected a large number of events, allowing
for an accurate reconstruction of the \gaps" in the BH mass-spin diagram [404, 408] and,
in turn, for a measurement of the putative �eld mass [410, 413{415]. Besides these indirect
signatures, the formation of boson clouds also leads to the emission of GWs from the cloud
itself [409, 413, 416, 417]. Moreover, various modi�cations with respect to the evolution in
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vacuum occur when the BH surrounded by a boson cloud is a member of a binary system [265,
418{420]. We discuss these possibilities in more detail below.

Continuous waves. Once formed, boson clouds will in general dissipate via annihilation into
gravitons, emitting a quasi-monochromatic signal (over a time scale much longer than the
scale of superradiant instability) with frequency [421]

f gw ' 483 Hz
� mb

10� 12 eV

�
"

1 � 7 � 10� 4
�

M bh

10M �

mb

10� 12eV

� 2
#

; (1.4)

wheremb is the boson mass andM bh is the black hole mass. The second term in parenthesis
is a small correction to the leading term. In general, scalar boson clouds [409, 413, 416]
emit longer but weaker signals, with respect to vector bosons [412, 417] or light tensor
bosons [422]. Moreover, the signal is characterized by a spin-up, due to the cloud contraction
over time [412, 423] and, possibly, to the boson self-interactions [424].

Searches for continuous gravitational waves from both scalar and vector boson clouds
have been proposed [425{427] and carried on LIGO-Virgo data, and they allowed setting
constraints on the existence and properties of ultralight bosons with mass in the range 10� 13 {
10� 11 eV. Speci�cally, scalar clouds have been subject to all-sky searches (namely, without
making any assumption about source position and signal parameters). This allows for the
exclusion of a portion of the mb { M BH plane, given assumptions on the distance, spin, and
age of the BHs [421, 428]. A directed search toward a speci�c potential source, i.e. Cygnus
X-1, has also been performed [429].

The ET sensitivity will allow us to either make a direct detection, or set much more
stringent constraints on the boson cloud mechanism. As an example, �gure 1.16 shows the
maximum detectable luminosity distance for direct searches over one year of observation,
assuming the triangle con�guration for ET. The distance reach is well beyond the Galaxy for
a portion of the parameter space, and this makes remnants of BH-BH mergers, for which the
�nal BH mass and spins can be measured to good accuracy, potentially interesting sources.
All-sky searches will be able to set constraints for galactic scalar boson clouds, as shown in
�gure 1.17, where the ET exclusion regions in themb { M BH plane are plotted assuming a
BH distance of 15 kpc, an initial spin � i = 0 :6 and three di�erent BH ages of 104; 107 and
109 years.

It is worth stressing that strong bosonic self-interactions, couplings of the ultralight
boson with Standard Model particles, or other environmental e�ects such as nearby objects,
could also a�ect the GW signal, since such e�ects could slow down the superradiance ex-
traction process or even destroy the cloud [265, 424, 431{435]. One therefore expects that
any constraints on ultralight bosons based on continuous GW searches to hold provided that
ultralight bosons have weak self-interactions and/or interact weakly with other particles.

Stochastic background. Besides the continuous GW searches mentioned above, one also ex-
pects that the incoherent superposition of all non-resolved GW signals emitted by boson
clouds produces a stochastic GW background. This background has been computed in
refs. [413, 436{438] both for scalar and vector clouds and considering both galactic and
extra-galactic sources. Constraints based on the lack of observation of a stochastic back-
ground in LIGO and Virgo have been set [437, 439, 440] showing that, within reasonable
astrophysical assumptions, current observations rule out boson clouds formed by ultralight
bosons with masses in a range aroundmb � 3 � 10� 13 eV. Such constraints, or potential
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Figure 1.16 : Maximum detectable luminosity distances for optimal scalar clouds around
BHs with initial mass M i and dimensionless spin parameter� i for ET, assuming one year
of observation and ET in the triangle con�guration (results for the 2L con�guration are
almost indistinguishable). White contour lines indicate the values of the corresponding bo-
son rest-energy in units of eV. The dotted white lines highlight the mass and spin of a
GW150914-like merger remnant. Adapted from ref. [426] and obtained using the python
package gwaxion [430]. We are indebted to Max Isi for providing the code.

Figure 1.17 : ET exclusion regions for scalar boson clouds assuming a BH distance of 15
kpc, an initial spin � i = 0 :6 and three di�erent BH ages of 104; 107 and 109 years.
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Figure 1.18 : Resonance frequency of the (main) Bohr transition [see eq. (1.5)], as a function
of the BH mass,M BH , and � . See ref. [418].

detections, will be signi�cantly improved with ET [438]. In particular, the improved sensi-
tivity at low-frequencies with respect to current detectors will allow us to probe stochastic
backgrounds in a wider boson mass range compared to LIGO-Virgo, potentially probing the
entire range mb � 9 � [10� 13; 10� 12] eV [438, 440].

Binary systems. Boson clouds can reach a mass density much higher than other astrophysi-
cal environments. As a result, they are able to dramatically a�ect the gravitational dynamics
during the inspiral regime of a binary system containing a BH surrounded by it. There are
two prominent types of cloud-binary interactions, orbital resonances and dynamical friction,
alongside a number of associated e�ects. Orbital resonances [265, 418, 441{446] are excited
whenever the binary's orbital frequency is equal to (or is an integer multiple of) the energy
di�erence between the bound state initially occupied by the cloud and other eigenstates in
the spectrum, often described (due to similarities with the hydrogen atom) in terms of the
(n; `; m ) quantum numbers [265]. Resonances may be classi�ed ashyper�ne (only � m 6= 0),
�ne (� ` 6= 0 ; � n = 0), and Bohr (� n 6= 0), respectively [265, 418]. Overtones of a reso-
nance can also be excited for eccentric orbits [419, 420, 447]. For equatorial orbits, the main
resonant Bohr frequency for GW emission, is given by
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where � = M BH mb (in G = ~ = c = 1 units) is the gravitational coupling, n1;2 and m1;2 are
the principal and magnetic quantum numbers of the two resonating states of the cloud, see
�gure 1.18.

During the orbital evolution, the cloud undergoes a Landau-Zener type of transition
between resonant states [418], resembling similar phenomena in atomic physics. The energy
required for the process comes at the expenses of the binary systems, which in turn expe-
riences sinking or 
oating orbits, depending on the type of transition [418{420]. During

oating, the orbital frequency and associated GWs emitted remain at an approximately con-
stant value (with a pre-factor which may vary for di�erent resonances). The 
oating time
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whereq is the binary mass ratio, which signi�cantly alters the evolution of the GW phase [418].
On the other hand, sinking orbits introduce a temporary speed-up of the frequency chirp.

The low-frequency sensitivity of ET will be crucial to directly observe resonant tran-
sitions through the changes in the orbital evolution. Detecting multiple resonances would
provide strong evidence for the existence of the cloud, as the ratio of successive resonant
frequencies is predicted and constrained by the cloud's energy spectrum. Another prominent
e�ect, relevant for Bohr resonances, is the dynamical friction exerted by the cloud on the
secondary object moving through it [432, 448, 449]. This is the backreaction of the excitation
of the cloud to gravitationally unbound states, which carry mass, energy and angular mo-
mentum away from the system; by analogy with atomic physics, the process is also known as
\ionization". Energy can be dissipated through ionization much more e�ciently than through
GW radiation. As a result, when the separation of the binary is of order O(M BH � � 2), the
dynamics is driven by ionization rather than GW emission. During this phase, the frequency
chirps according to a universal shape [450], which includes, remarkably, quasi-discontinuous
features at frequencies
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The distinctive frequency evolution due to ionization makes the boson cloud distinguishable
from other environments [451]. For high enough mass ratiosq, however, ionization becomes
e�cient enough to disrupt the cloud signi�cantly. Numerical investigations suggest that the
total mass lost by the cloud throughout the inspiral is roughly � qMBH , independent of � .
Only clouds more massive than the smaller compact object will then survive and still undergo
ionization in the late stages of the inspiral.

Due to its relatively large extent (of the order 1=� 2 of the BH's size), the presence
of a boson cloud can also be inferred through the measurement of non-vanishing �nite size
e�ects, such as larger-than-expected spin-induced quadrupole moments and nonzero tidal
Love numbers [265, 418, 452, 453]. This possibility is further enhanced by the intriguing
result that, within GR in four spacetime dimension, the Love numbers of vacuum, isolated,
BHs vanish [258{260, 262, 454{457]. The existence of a boson cloud then provides an e�ective
dressing of astrophysical BHs, yielding large tidal e�ects. That is because Love numbers of
BHs surrounded by a bosonic scalar-�eld condensate scale as1� n

�
M cloud
M BH

�
, where M cloud is

the mass of the cloud (typically M cloud ' �M BH ), whereas n = 8 for scalar, vector and
spin-2 odd tidal perturbations [265, 452, 453], andn = 10 for the dominant spin-two even
perturbations [458].

Tidal e�ects may ultimately be unraveled by the gravitational interactions with a com-
panion in binary systems towards the late stages of the inspiral phase. As the companion en-
ters the cloud, �nite size e�ects are suppressed (due to Gauss' law). This process can then be
modeled by introducing a time-dependent tidal Love number, that smoothly approaches zero
at higher frequency, leading to tidal e�ects that fade away at late times towards the merger
phase [452, 453]. The time dependence of Love numbers is also manifest during resonance
transitions, in which the cloud transitions into a decayingmode and is ultimately reabsorbed
into the BH [265, 418]. In ref. [452, 453], the detectability of Love numbers through GW
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Figure 1.19 : Left panel: relative percentage error on the scalar �eld massmb for a BH
binary system with mass ratio m2=m1 = 1=2, detected by ET at dL = 1 Gpc. Bars show
the values of the innermost stable compact orbit (ISCO) and Roche frequencies. We �x the
scalar cloud mass to the upper boundM cloud = 0 :1mi for both objects (i = 1 ; 2). Right panel:
maximum luminosity distance for which the scalar �eld mass can be constrained by ET with
a relative percentage accuracy of 10% (magenta) and 50% (yellow), assuming� 1 = 0 :2. See
ref. [453].

observations was estimated (see also [278]). The main results are plotted in �gure 1.19, which
shows that ET could measure scalar �eld masses in the rangemb 2 [10� 14; 10� 11] eV with an
accuracy of a few percent, for stellar mass binaries at distances of a few Gpc. Interestingly,
these constraints extend within the 10� 14 eV regime, which is harder to probe with other
superradiance-driven observations. Finally, let us stress that an accurate measure of time-
dependent Love numbers allows for the possibility to disentangle dressed BHs from neutron
stars in the (sub)solar mass range and from exotic compact objects (see section 1.3.1.2),
since the latter are characterized by tidal e�ects which persist until the last stages of the
merger [459, 460].

Besides the e�ects discussed above, the cloud-binary system exhibits a number of other
potentially observable phenomena, notably through the backreaction on the orbital parame-
ters during a resonant transition. For instance, the presence of a cloud in the earlier cosmo-
logical history of the binary's evolution, even much prior to entering the detector's band, can
induce larger-than-expected values for the orbital eccentricity that are later observed via GW
emission [419, 420]. This can have a big impact in the interpretation of future GW obser-
vations, in particular inferring the origin (e.g. dynamical or in isolation) of binary compact
objects based on the eccentricity and mass distributions derived from pure vacuum evolution.
Other potentially observable e�ects include accretion on the companion [432], backreaction
of the cloud on the geometry [461, 462], binary outspiral due to the cloud decay in GWs [463],
and the termination of superradiance due to level mixing [434, 464].

1.4.2.2 Dynamical friction, accretion, and overdensities. Among the type of en-
vironmental e�ects that can play a signi�cant role is dynamical friction, which emerges
as a fundamental mechanism in dense environments [465]. The gravitational interactions
between the binary and surrounding matter can lead to a gradual loss of orbital energy
and angular momentum. This process, governed by the density and velocity distribution
of the medium, plays a key role in altering the orbital parameters and phase evolution of
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compact binaries [451, 466{472]. Accretion stands as another notable environmental e�ect,
particularly prevalent in scenarios involving gas-rich environments or surrounding accretion
disks [451, 466, 473]. As the binary interacts with these regions, matter accretes onto one
or both binary components, inducing changes in their masses and in
uencing the orbital
dynamics and phase evolution [451, 466, 473]. The intricacies of accretion processes, ranging
from Bondi-Hoyle-Lyttleton accretion to collisionless accretion, dictate the degree of impact
on the binary's evolution, further complicating the interplay between environmental factors
and binary dynamics [451, 466, 468, 473, 474].

Most studies of environmental e�ects on GW signals have typically focused on sources
relevant for LISA [354, 475], mainly due to the fact that environmental e�ects tend to be
more important in the early inspiral and more easily detectable in intermediate or extreme
mass-ratio systems [451, 467{473, 476{478]. In ref. [479], it was estimated that ET will be
sensitive to the e�ect of dynamical friction in a GW170817-like event evolving in mediums
with densities & 10� 3 g/cm3. Such densities would be possible for compact binaries merging
within dense thin accretion disks [466], but it is unlikely that DM environments can reach
densities & 10� 3 g/cm3 around such sources. A more promising possibility, however, is
that of primordial BHs [480] (see section 3). If they do not make up all of the DM, which
is likely on the mass range that ET is able to probe, it has been shown both analytically
and numerically that DM particles should form dense spikes around them [481{484]. It is
expected that DM spikes around equal-mass systems will be disrupted or destroyed before
the objects are close enough for the dynamical friction e�ect to be observable in the GW
signal [485]. Yet, in the regime where the mass ratio of the binaries isq . 10� 2:5, the
smaller BH will move through the DM, causing a dephasing with respect to an equivalent
system inspiralling through vacuum [469, 476]. This e�ect can then be observed by ET with
week-long duration signals, and failing to include dynamical friction may lead to signi�cant
signal-to-noise ratio losses [486]. Furthermore, for BHs with sub-solar masses, ET will provide
exquisite measurements of the binary parameters [294], which are also sensitive to dynamical-
friction feedback [469, 470, 473], and secondary accretion [487]. Finally, let us emphasize that
the detection of primordial BHs, through their imprint in GW observables, would in turn also
put among the strongest constraints one could set on dark matter candidates and extensions
of the standard model [488{490], see section 3.

1.5 Synergies with other Divisions

Here we discuss a list of outstanding ET science cases which require an interdisciplinary
approach among di�erent OSB Divisions. Such an approach is ubiquitous in most aspects of
ET science, but the Fundamental Physics division is, by its own nature, particularly cross-
cutting. We envisage strong synergies in the following aspects:

ˆ Improve (beyond) GR waveforms to match ET requirements. The unprece-
dentedly loud signals to be detected by 3G detectors will require an accuracy improve-
ment of the waveforms to be used to extract signals from data. A necessary condi-
tion for two waveforms to be indistinguishable is that their mismatch must be smaller
than 1=(2 SNR2), so that louder events exacerbate any possible modeling systematics
(see [491] for a recent overview). When available, coalescence waveforms in theories
beyond GR or for ECO models are far less accurate than the prototypical binary BH
waveforms in GR, both in absolute terms and in terms of coverage of the multidimen-
sional parameter space. An outstanding task, to be undertaken in synergy with the
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Waveform Division 8, is to select the best motivated beyond-GR models and develop
them at the level of accuracy required in the ET era. This will be achieved by extending
various perturbative and numerical techniques discussed in section 8 also for alternative
theories and models, most likely on a case-by-case basis.

ˆ Improve data analysis techniques beyond GR. As discussed in section 10, ET
poses new urgent challenges for data analysis, mostly due to the long duration of
certain signals, the possible overlap of several sources, and the huge number of expected
detections. While overlapping signals should not be a signi�cant concern both in terms
of detection [492, 493] and parameter estimation [494{497], it would be advisable to
optimize current data-analysis pipelines for this scenario. Any fundamental physics
e�ect that one wishes to search for in the datastream should be properly included
in the pipeline. In the near future, synergy among the Data Analysis Division 10,
the Waveform Modelling Division 8, and the Fundamental Physics Division 1 will be
needed, for example, to introduce beyond-GR e�ects in the ET mock data challenge
(see section 10).

ˆ Fundamental physics implications of primordial relics, cosmic strings, and
primordial BHs. Early Universe cosmology is strongly tied with fundamental physics,
GR extensions, and Beyond Standard Model physics. In particular, a putative GW de-
tection of primordial BHs, cosmic strings, or any primordial relics (see section 2), or
any direct signature of in
ation, would have a huge impact on foundational physics.
For example, if microscopic horizon-less relics form in the early Universe either di-
rectly through gravitational collapse or as stable remnants of the Hawking evaporation
of primordial BHs, they could evade cosmological constraints arising from evapora-
tion [498] and could explain the entirety of the DM. The stochastic GW background
associated with the formation of microscopic DM relics in various scenarios is at most
marginally detectable with current interferometers but could be measured by ET [499].
This strengthens the connection between fundamental compact-object physics and cos-
mological GW sources, and calls for a synergy between the Fundamental Physics and
the Cosmology Divisions.

ˆ Identifying the origin of merging binaries across cosmic history. Likewise,
detecting a new population of compact objects other than BHs or NSs, or BH binaries of
primordial origin, would have a strong impact on fundamental physics. Indeed, it would
imply the existence of Beyond Standard Model and/or beyond-GR e�ects, which should
then be further developed and could be possibly explored by other complementary
means. Except for the smoking gun signatures of deviations from standard theory
discussed in this section, evidence for new families of compact object could come from
population studies (see section 3), underscoring a strong connection between the latter
and fundamental physics.

ˆ Fundamental physics implications of NS mergers. As the densest known objects
in the Universe, NSs are a unique laboratory for all fundamental interactions. As
previously explained, NS-based tests of gravity are tantalizing but severely limited by
the degeneracy with the unknown EOS in the NS core (see section 6). Finding ways to
break this degeneracy calls for a synergy among the Nuclear Matter and Fundamental
Physics Divisions. As discussed, a promising possibility is to make use of approximately
universal relations among the NS parameters that are almost EOS insensitive. ET will
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be instrumental for these tests, since they require very high SNR to measure subleading
parameters such as quadrupole moments or non-standard Love numbers.

1.6 Executive summary

We conclude this section by summarizing the advancements that ET will bring in Funda-
mental Physics, in comparison to the current state of the art, speci�cally emphasizing the
distinct features that ET will allow us to explore. The following are the major areas where
ET's capabilities surpass the current generation of GWs detectors:

Fundamental principles of the gravitational interaction

ET will probe the spacetime dynamics, the generation, and the propagation of GWs
in Einstein's theory of gravity like never before, including:

ˆ Agnostic tests in the inspiral phase, with up to two orders of magnitude improve-
ments compared to current detectors;

ˆ Searches for extra GW polarizations, which are not very informative with current
detectors;

ˆ Tests of the mass of the graviton and dispersion relations, with up to two orders
of magnitude improvements compared to current detectors;

ˆ Tests of GW (displacement) memory e�ects, for the �rst time;

ˆ Tests of the fully nonlinear (perturbative/non-perturbative) structure of GR.

Consequently, ET will be able to tell whether gravitational interactions are well de-
scribed by Einstein's theory or if the data will point to alternative theories which
manifest themselves in regions of parameter space that are not reachable with any
other experiment.

The nature of compact objects and horizon scale physics

ET will provide high accurate measurements of the nature of GW sources, including:

ˆ Ringdown tests and BH spectroscopyat unprecedented level, withO(10) event/yr
expected to have O(1)% precision in the measurement of multiple ringdown
modes;

ˆ Tests of intrinsic multipole moments and no-hair theorems, with almost an order
of magnitude improvement compared to LVK at design sensitivity;

ˆ Tests of tidal deformability e�ects and absorption, with almost an order of mag-
nitude improvement compared to LVK at design sensitivity;

ˆ Tests of the post-merger phase and of horizon-scale physics, with more than an
order of magnitude improvement compared to current detectors.
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Consequently, ET will be able to tell whether the dark massive compact objects in
the sky producing ripples of spacetime are indeed the GR BHs, or whether there exist
new compact objects which ET will allow us to detect for the �rst time.

Dark-matter particles and new �elds

ET has a unique potential to discover the existence of new �elds/particles in nature,
including:

ˆ Searches of ultralight particlesusing BH mergers and the stochastic GW back-
ground at extra galactic distance, exploring the mass region between 10� 14 eV
and 10� 11 eV;

ˆ Tests of dark-matter environmental e�ects, boson clouds, and dynamical friction,
in regions not accessible by current detectors.

Consequently, even if Einstein's theory withstands all the aforementioned scrutiny, ET
will then turn into a precision machine for searches of new particles and �elds through
GW precision data, opening entirely new windows of exploration. These searches will
be synergetic with complementary ones by space-based detectors such as LISA.
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2 Cosmology with ET

With its unprecedented sensitivity, ET will detect GWs from events such as merging black
holes, neutron star collisions, and potential signals from the early Universe. By probing
these cosmic events, ET will provide new insights into the fundamental properties of gravity,
the expansion of the Universe, and the nature of dark matter and dark energy, serving as a
powerful tool to explore previously uncharted aspects of cosmology.

One of the main targets for ET is the stochastic gravitational wave background (GWB),
which is a di�use signal composed of many unresolved gravitational wave sources, encom-
passing both astrophysical (AGWB) and cosmological (CGWB) components. Section 2.1
discusses the general formalism for GWBs, including anisotropies, parity violation, the sep-
arability of di�erent contributions, and the impact of correlated noise on detectability. As
we will discuss in section 2.2, stochastic background of cosmological origin are probes of the
early Universe, and potential sources in the ET band include in
ationary models beyond
single-�eld slow-roll scenarios, �rst-order phase transitions occurring at energy scales of up
to 108 GeV, corresponding to timescales of 10� 12 to 10� 6 seconds after the Big Bang; topo-
logical defects, such as cosmic strings and domain walls, as well as individual GW bursts from
cosmic string cusps and kinks; or signals related to the formation mechanism of primordial
BHs.

ET will also o�er unique opportunities for probing the late Universe and contributing to
cosmography, by detecting BBH mergers at high redshifts, up toz � 20 and higher. This will
allow ET to observe black hole formation in the early Universe, tracing back to the population
of primordial black holes. A key feature of GWs from compact binary coalescences is that
they are `standard sirens', i.e. they serve as self-calibrating distance indicators, enabling
reconstruction of the distance-redshift relation and providing insights into the expansion
history of the Universe. However, GWs alone generally cannot determine redshift of the
binary. For bright standard sirens, which have an electromagnetic counterpart, the redshift
can be directly measured from the electromagnetic observations, enabling constraints on
cosmological parameters. Most GW events, however, are `dark sirens', i.e. do not have
an observed electromagnetic counterpart, and necessitate the use of correlation with galaxy
catalogs or population inference techniques to perform statistical inference on the relation
between luminosity distance and redshift. The potential of bright and of dark sirens for
cosmology and for probing the late Universe with ET will be discussed in section 2.3.

Finally, ET observations, particularly when combined with future galaxy surveys, are
expected to help address various cosmic tensions, such as discrepancies in the Hubble constant
H0 and potential di�erences in cosmic dipole measurements from electromagnetic and large-
scale structure (LSS) observations. The potential of the ET observations for probing LSSs
of the Universe is discussed in section 2.4.

2.1 Stochastic gravitational-wave backgrounds

Gravitational-wave backgrounds are of great interest in cosmology. The detection of a CGWB
would be a smoking-gun probe of the physics of the early Universe, as it would allow for
unique constraints on cosmic in
ation, phase transitions, or cosmic strings. The anisotropies
of the CGWB are a probe of the cosmological perturbations in the early Universe. Moreover,
the AGWB, resulting from the superposition of numerous unresolved CBC signals, can also
be used as a cosmological probe, as its frequency spectrum is sensitive to cosmological pa-
rameters, and its anisotropies are tracers of the large scale structures (LSS) of the Universe.
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Finally, the detection of a polarized CGWB could serve as key evidence for parity-violating
mechanisms in the early Universe (even though the AGWB is also expected to be polarized
and constitutes an unavoidable foreground for a polarized CGWB). Indeed, the frequency
spectrum, anisotropies, and polarization of the GWB are crucial observables for distinguish-
ing between the CGWB and AGWB, as various cosmological and astrophysical sources are
expected to produce GWBs with distinct and unique signatures.

2.1.1 De�nition and characterisation

A GWB is a di�use signal formed by the incoherent superposition of numerous unresolved
GW sources. Some GWB components exhibit stochastic properties due to their generation
process, while others result from the limited sensitivity of the speci�c detectors used for their
observation. A variety of sources are expected to produce a gravitational-wave background,
with di�erent properties and frequency pro�les (see [500{504] for reviews). Traditionally,
we distinguish between an astrophysical GW background (AGWB) and a cosmological GW
background (CGWB). In a �rst approximation, the GWB is assumed to be homogeneous and
isotropic across the sky. This contribution (i.e., the monopole) is the dominant contribution
and it is characterized through its frequency dependence. However, the GWB exhibits also
some level of anisotropy due to inhomogeneous distribution of sources, line-of-sight e�ects
accumulated during the propagation across the large-scale structure (LSS) [505{519], and
kinematic anisotropies arising from the observer's velocity relative to the rest frame of the
GWB [520{522].

Let us recall here the basic de�nitions for the characterization of stochastic backgrounds
(we follow the conventions in [523]). A continuous superposition of GWs coming from all
directions, with propagation directions labeled by a unit vector n̂, can be written as

hij (t; x) =
Z 1

�1
df

Z

S2
d2n̂

X

A=+ ;�

~hA (f; n̂)eA
ij (n̂) e� 2�if (t � n̂ �x =c) ; (2.1)

where the spatial indicesi; j take values 1; 2; 3 andeA
ij are the polarization tensors, normalized

as (the sum over the spatial indicesi; j is understood)

eA
ij (n̂)eA 0

ij (n̂) = 2 � AA 0
: (2.2)

In a given detector, located at the positionxa, the observed signalha(t) is obtained convolving
each polarization with the pattern functions F A

a (n̂) that encode the detector response,5

ha(t) =
Z 1

�1
df

Z

S2
d2n̂

X

A=+ ;�

~hA (f; n̂)F A
a (n̂) e� 2�if (t � n̂ �x a =c) ; (2.3)

and therefore the Fourier transform of the signal is given by

~ha(f ) =
Z

S2
d2n̂

X

A=+ ;�

~hA (f; n̂)F A
a (n̂) e2�if n̂ �x a =c : (2.4)

5We assume here that the size of the detector is much smaller than the GW wavelength, so we can neglect
the spatial variation of the GW over the extension of the detector. This condition is very well satis�ed by
ground-based interferometers: as the GW frequency f ranges between 10 Hz and 1 kHz, the wavelengthc=f
ranges between 3� 104 km and 300 km, much larger than the 10 km or 15 km length of the arms of ET.
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If the signal is given by a stochastic background of GWs that is stationary, isotropic and
unpolarized, its two-point correlator is given by

h~h�
A (f; n̂)~hA 0(f 0; n̂0)i = � (f � f 0)

� (n̂ � n̂0)
4�

� AA 0
1
2

Sh(f ) ; (2.5)

where the bracketsh�i denote the ensemble average and� (n̂ � n̂0) is a Dirac delta over the
two-sphere,� (n̂ � n̂0) = � (� � � 0)� (cos� � cos� 0), where (�; � ) are the polar angles that de�ne
n̂. Equation (2.5) de�nes the (single-sided) spectral density of the signal,Sh(f ). The factor
1=(4� ) in eq. (2.5) is a standard choice of normalization, chosen so that

Z

S2
d2n̂ d2n̂0h~h�

A (f; n̂)~hA 0(f 0; n̂0)i = � (f � f 0)� AA 0
1
2

Sh(f ) ; (2.6)

so that, for each polarization, the right-hand side has the normalization used also for the
(single-sided) noise spectra density, see eq. (9.2) below.6

However, more generally, a stochastic GW background can be polarized and anisotropic.
Assuming again stationarity (which, in Fourier space, implies that the correlator is propor-
tional to � (f � f 0)), the most general form of the two-point correlator is then [504, 524{526]

h~h�
A (f; n̂)~hA 0(f 0; n̂0)i = � (f � f 0)

� (n̂ � n̂0)
4�

1
2

HAA 0(f; n̂) : (2.7)

Note that we still assume that signals coming from di�erent directions are uncorrelated, so
that the correlator is still proportional to � (n̂ � n̂0); however, anisotropy is encoded in the fact
that the function HAA 0(f; n̂) could depend onn̂, and the possibility of a polarization in the
fact that HAA 0(f; n̂) is a 2� 2 matrix in the polarization indices, not necessarily proportional
to � AA 0. The reality of ha(t) implies that ~h�

A (f; n̂) = ~hA (� f; n̂) so, taking the complex
conjugate of eq. (2.7), one sees thatHAA 0(f; n̂) is a Hermitian matrix in the polarization
indices. As any 2� 2 Hermitian matrix, it can then be decomposed (with real coe�cients)
into the basis of the identity matrix and the three Pauli matrices,

HAA 0(f; n̂) = I (f; n̂) � AA 0 + U(f; n̂) � 1
AA 0 + V(f; n̂) � 2

AA 0 + Q(f; n̂) � 3
AA 0 ; (2.8)

where the Pauli matrices are given by

� 1 =
�

0 1
1 0

�
; � 2 =

�
0 � i
i 0

�
; � 3 =

�
1 0
0 � 1

�
:

In matrix form

H (f; n̂) =
�

I (f; n̂) + Q(f; n̂) U(f; n̂) � iV (f; n̂)
U(f; n̂) + iV (f; n̂) I (f; n̂) � Q(f; n̂)

�
: (2.9)

The coe�cients of this decompositions de�ne the Stokes parameters of the GW stochastic
background, and are real functions off and n̂ describing intensity (I ), linear polarization ( U
and Q) and circular polarization ( V ). Therefore,7

�
h~h�

+ (f; n̂)~h+ (f 0; n̂0)i h~h�
+ (f; n̂)~h� (f 0; n̂0)i

h~h�
� (f; n̂)~h+ (f 0; n̂0)i h~h�

� (f; n̂)~h� (f 0; n̂0)i

�
=

=
1

8�
� (n̂ � n̂0)� (f � f 0)

�
I (f; n̂) + Q(f; n̂) U(f; n̂) � iV (f; n̂)

U(f; n̂) + iV (f; n̂) I (f; n̂) � Q(f; n̂)

�
:

(2.10)

6Here we follow the conventions used in refs. [500, 523], and in most of the literature. Observe, however,
that these di�er by a factor of 2 from those used in [524], see their eq. (2.14).

7Here, again, one must be aware of the existence of di�erent conventions in the literature, in which a factor
4� or 8� in eq. (2.7) is reabsorbed into the de�nition of the Stokes parameters. Our conventions are the same
as in [527] (see, e.g., also [526, 528]).
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If the GWB is unpolarized, U = V = Q = 0 and eq. (2.10) reduces to

h~h�
A (f; n̂)~hA 0(f 0; n̂0)i = � (f � f 0)

� (n̂ � n̂0)
4�

� AA 0
1
2

Sh(f; n̂) ; (2.11)

with Sh(f; n̂) = I (f; n̂). If, furthermore, the background is isotropic, we get back eq. (2.5)
with a spectral density Sh(f ) = I (f ) independent of n̂. If we assume that the GWB is
Gaussian, then the 2-point correlation function, eq. (2.10) in the most general or eq. (2.11)
in the unpolarized case, is su�cient to fully describe its statistical properties.

The GWB can be described by its energy density per unit logarithmic frequency interval,
normalized by the critical energy density for closing the Universe� c:


 GW (f ) �
1
� c

d� GW

d ln f
; (2.12)

where� c = 3c2H 2
0=(8�G ) and H0 is the present-day value of the Hubble parameter. In terms

of the spectral density, one has (see eq. (7.202) of [523])


 GW (f ) =
4� 2

3H 2
0

f 3Sh(f ) : (2.13)

Note that H0, in the denominator of eq. (2.13), entered through the normalization factor� c,
so the observational uncertainty in this factor H0 is not related to an intrinsic uncertainty
of the energy density of the stochastic background considered, but rather of the quantity
that we have chosen for normalizing it. In order to get rid of this uncertainty, it is often
convenient to work in terms of the quantity h2
 GW (f ), where the reduced Hubble constant
h is de�ned from H0 = 100h km s� 1 Mpc� 1.

For a generic anisotropic and polarized GW background, one can show that the energy
density is given by [526]

� gw =
�c 2

2G

Z 1

0
d log f f 3

Z

S2

d2n̂
4�

I (f; n̂) ; (2.14)

so that
d� gw

d log fd 2n̂
=

c2

8G
f 3I (f; n̂) : (2.15)

Note that this expression is obtained using the full correlator given in eqs. (2.7) and (2.8).
However, in the computation the traceless terms associated to polarizations give zero [526],
and only the intensity Stokes parameter contributes to the energy density. Then, we have


 GW (f; n̂) �
1
� c

d� GW (f; n̂)
d log f d 2n̂

=
�

3H 2
0

f 3 I (f; n̂) : (2.16)

In the typical situation in which the anisotropic part is a small perturbation of the isotropic
part, we can write


 GW (f; n̂) = �
 GW (f ) + � 
 GW (f; n̂) ; (2.17)

i.e., the energy density is split into a homogeneous component�
 GW (f ), and an anisotropic
perturbation, � 
 GW (f; n̂), which is generally small compared to the monopole. Under the
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assumption of statistical isotropy, the sky distribution of the GWB energy density can be
characterised in terms of a frequency-dependent angular power spectrum,C` (f ), de�ned
through

h� 
 GW (f; n̂) � 
 GW (f; n̂0)i =
1X

`=1

C` (f )P` (n̂ � n̂0); (2.18)

whereP` (n̂ � n̂0) are the Legendre polynomials and the multipoles̀ are inversely proportional
to the angular scale of the perturbation.

A useful tool in the study of the sensitivity of a network of detectors to an unpolarised
and isotropic GWB is the power-law sensitivity (PLS) curve [529]. We refer the reader to
section 9.5.2 for details on its construction, its physical meaning and some properties, and
here we limit ourselves to a brief reminder of the main ingredients needed. When constructing
the PLS curve, one considers the family of power-law GW backgrounds


 GW (f ; � ) = 
 �

�
f

f ref

� �

; (2.19)

where the exponent � is the family parameter, which can take any real value, andf ref is
an arbitrary �xed reference frequency (whose change simply amounts to a rede�nition of

 � ). The dependence of the amplitude coe�cient 
 � on � is determined by requiring that,
in a given coincident observation time T, the integrated signal-to-noise ratio (SNR) in the
frequency range [f min ; f max ] probed by a given detector network takes an assigned value� .
This leads to


 � = �

"

2T
Z f max

f min

df 
 � 2
e� (f )

�
f

f ref

� 2�
#� 1=2

; (2.20)

where the function 
 e� (f ) depends on the noise properties of the detectors (their PSD or noise
correlations, if present) and by the geometry of the detector con�guration via the overlap
reduction functions for each pair of detectors, see eq. (9.64) for the explicit expression.

The PLS curve is then de�ned as the envelope of the family of curves (2.19), with 
�
as in eq. (2.20), and it is given by


 PLS (f ) = max
�


 GW (f ; � ) : (2.21)

By construction, in a log-log plot any line tangent to the PLS curve represents a power-law
GW background with integrated SNR equal to the value of � used in the PLS de�nition.

2.1.2 Anisotropies of the GWB

2.1.2.1 Anisotropies of the Cosmological Background. The anisotropies of the CGWB
can be described by introducing a distribution function of the primordial gravitons (in the
high frequency approximation, where anisotropies are typically studied) and solving the
Boltzmann equation in cosmological perturbation theory [505, 517, 518, 530]. The solution
of the Boltzmann equation shows that the anisotropies are generated by any inhomogeneity
and anisotropy in the production mechanism that sourced the background (i.e., initial con-
ditions) and by the metric perturbations around a Friedmann-Lemâ�tre-Robertson-Walker
background crossed by gravitons along their geodesics. In addition, kinematic anisotropies,
in particular a dipole, are induced by the peculiar motion of the observer with respect to the
rest frame of the CGWB [508, 520].
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The anisotropies due to the propagation of gravitons and kinematic e�ects are propor-
tional to 4 � ngwb , where ngwb is the spectral tilt of the CGWB monopole. So, the spectral
tilt may have an impact on the amplitude of the anisotropies. Such a possibility has been
discussed in [531, 532] for the case of sharply peaked CGWB spectra generated at second
order by curvature perturbations, making these anisotropies a potential probe of primordial
black-holes physics.

The contribution due to the initial conditions largely depends on the model considered
and could dominate the spectra in a number of di�erent scenarios. For instance, if the CGWB
is produced by the decay of a �eld which gives the dominant contribution to the curvature
perturbation of the Universe, the initial conditions are expected to be adiabatic, in analogy
with the CMB. For the CGWB generated by quantum 
uctuations of the metric during
in
ation a large non-adiabatic contribution in the initial conditions is expected, which can
increase the anisotropies by an order of magnitude [533]. In the case of scalar-induced gravita-
tional waves (SIGWs), the initial conditions are sensitive to any amount of local primordial
non-Gaussianity, parametrized by f NL [534], while for GWs from phase transitions large
isocurvature perturbations due to a decoupled sector at the production time could enhance
the spectrum [535]. The angular power spectrum of the CGWB for all these mechanisms and
the corresponding predictions for ET, can be computed with the codeGWCLASS8 [536].

Another important source of anisotropies in the form of a contribution to the initial
condition term arises in in
ation models predicting a sizable tensor or mixed (scalar-tensor-
tensor) bispectrum in the squeezed con�guration. A non-trivial correlation between two
short-wavelength modes and one long-wavelength mode of the primordial 
uctuations would
indeed result in a modulation of the gravitational wave two-point function, giving rise to
anisotropies in the energy density of the GW background [537]. If observed, these signa-
tures would be a smoking gun for in
ation models beyond the basic single-�eld slow-roll
paradigm [538]. Another interesting aspect of this class of anisotropies is that they may be
tested through cross-correlations with the cosmic microwave background: the same large-
scale 
uctuations modulating the GW energy density at interferometer frequencies, would
contribute to large-scale CMB anisotropies, making GW-CMB cross-correlations a new probe
of squeezed primordial non-Gaussianity, complementary to CMB bispectrum measurements
[539{541].

Since gravitational interactions decouple at the Planck scales, the CGWB could be used
to test the geometry and the particle content of the Universe at early times. In [519] it was
shown that the presence of exotic (beyond Standard Model) relativistic and decoupled parti-
cles could modify the amplitude of the anisotropies on large scales. In [542] the dependence
of the anisotropies on the equation of state parameter of the Universe was analysed, �nding
a universal behavior for adiabatic primordial 
uctuations. It was shown that deviations from
this behavior (which could be in the form of an ampli�cation of the anisotropies) would point
to the presence of isocurvature �elds during in
ation. In [536] a joint Bayesian analysis of the
CMB and CGWB anisotropies for ET+CE has been performed, exploiting the large correla-
tion expected between the CMB and the CGWB [543]. It has been shown how the CGWB
could be used to estimate cosmological parameters, breaking some degeneracies which are
present in CMB measurements, such as the one between the amplitude of the primordial
scalar power spectrum and the reionization epoch of the CMB photons. The parameter in
this case is the angular power spectrum of the CGWB. A Fisher matrix analysis of the de-

8The code is publicly accessible as a new branch (GWCLASS) on the CLASSrepository www.github.com/
lesgourg/class_public .
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Figure 2.1 : Left: plot of the cumulative SNR of the anisotropies as a function of the
SNR of the monopole for ET (triangular) + CE (40 km) for �ve years of observation. The
dashed lines represent the LVK upper bounds on the amplitude of the monopole for the
three mechanisms considered (in
ation, PT and SIGW). Right: plot of the monopole of the
intensity (solid blue), circular polarization (solid orange) of the AGWB, and of the PLS of
the intensity and circular polarization (dashed blue and orange respectively) for ET+CE in
one year of observation.

tectability of the angular power spectrum from the case of phase transitions has been done
in [544].

In the left panel of �gure 2.1 we plot the cumulative SNR of the angular power spectrum
of the auto-correlation of the CGWB and cross-correlation between the CGWB and CMB as
a function of the SNR of the monopole. We consider as detector network ET in the triangular
con�guration in combination with one CE of 40 km, for 5 years of observation. Because of
the limited angular resolution of the network, the cumulative SNR of the anisotropies is
sensitive up to `max � 10 (for the largest values of the monopole in the �gure). We show the
result for the CGWB from in
ation with nT = 0 :35, phase transitions with f � = 1 Hz and a
Gaussian SIGW spectrum peaked atf � = 100 Hz. The dotted lines identify the maximum
values of the SNR of the monopole consistent with the upper bounds of LVK [64], which are
distinct for the three signals, because of the di�erent dependence on the frequency of the
monopoles. For low values of the SNR of the monopole, the dominant contribution to the
SNR of the anisotropies is given by the kinetic dipole, which is orders of magnitude larger
than the cosmological anisotropies, while for larger monopoles the cosmological anisotropies
become comparable with the instrumental noise, giving rise to detectable signals.

2.1.2.2 Anisotropies of the Astrophysical Background. The distribution of the num-
ber of sources, and thus the AGWB, is expected to exhibit a uniform and dominant contri-
bution across all directions in the sky (i.e., a monopole component). Superimposed on this
dominant term, small anisotropies of the order of 10� 2 � 10� 5 are anticipated. These devi-
ations from a homogeneous and isotropic spectrum arise due to cosmological perturbations
(i.e., intrinsic anisotropies), which also account for the overdensity and peculiar velocity of
galaxies, as well as the anisotropies in the CMB. Additionally, Poisson 
uctuations result
from the �nite number of sources contributing to the background within a limited timeframe
and volume (i.e., shot noise), and the observer's peculiar motion relative to the sources' rest
frame introduces kinetic e�ects, such as Doppler boosting and aberration in the AGWB.

Following [545, 546], the monopole energy density of the AGWB generated by the
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superposition of many, unresolved, astrophysical sources can be computed by integrating
the product of the energy spectrum and the source rate over the entire parameter space
describing the population of GW events (see also section 3.10),

�
 GW (f ) =
f

� cc2

Z
dz

(1 + z)H (z)
R(z)

Z
d~� p (~� )

dE
dfd 


(f; z; ~� ) : (2.22)

Here, z is the redshift of the source,~� represents the intrinsic parameters of the binary, e.g.,
in the case of BBH, the masses, spins and inclination angle of the orbit (i.e. the angle between
the angular momentum of the binary and the direction of observation);dE=dfd
 denotes the
energy spectrum per solid angle and frequency emitted by individual binaries [545, 546]. The
merger rate per comoving volumeR(z) has been assumed here independent of the distribution
of the intrinsic parameters of the binariesp(~� ); see section 3.3 for a more detailed discussion
of the evolution of the mass distribution with the redshift.

The other Stokes parameters of the AGWB, introduced in eq. (2.10), can be computed
by replacing the energy density of the individual binaries in eq. (2.22) with an equivalent
\polarized energy spectrum", which has the same amplitude as the intensity, but varies
di�erently with respect to the inclination angle; see, e.g., [547].9 The circular polarization of
the AGWB has been discussed in the previous subsection, while cosmological models which
produces polarized signals will be discussed in section 2.1.3.

The intrinsic anisotropies have been computed in [506, 507, 510{512, 548, 549] and can
be classi�ed into density anisotropies, which are related to the distribution of GW sources
in the sky; Kaiser and Doppler anisotropies, which are related to the peculiar velocities of
the hosts; and anisotropies imprinted by gravitational potentials along the graviton's path.
A fully relativistic, gauge-invariant computation using the cosmic rulers formalism [550]
has been performed in [511]. The monopole and anisotropies of the AGWB generated by
BBH, BNS and BHNS have been fully characterized in [515, 516]. The public available code
CLASSGWB[516] allows computing the angular power spectrum of the intrinsic and shot noise
anisotropies for di�erent populations of CBC. The relative perturbation in the energy density
of the AGWB at the observer can be written as

� 
 intr
GW

�
 GW
(f ) =

Z
d3k

(2� )3 �
�
~k

� Z � 0

0
d�

h
� den(�; k; f ) + � rsd(�; k; f ) + � gr(�; k; f )

i
; (2.23)

where � is the primordial curvature perturbation and � 0 is the conformal time today. The
expression for the source functions �i can be found e.g. in [511, 516]. The cross-correlation of
the intrinsic anisotropies with other LSS tracers will be discussed in section 2.4.1.2, focusing
in particular on the dependence of the intrinsic anisotropies on the bias of the GWs. The
intrinsic anisotropies are typically considered as Gaussian random variables of zero mean
and covariance proportional to the power spectrum of the primordial curvature perturba-
tion, although the current Planck bounds admit the possibility of the presence of a non-
negligible amount of primordial non-Gaussianity in the cosmological perturbations [551]. In
section 2.4.2 we will discuss the e�ect of primordial non-Gaussianity on the anisotropies of
the AGWB in cross-correlation with the CMB.

The number of events that contribute to the AGWB 
uctuate according to a Poisson
distribution, inducing a shot noise term in the AGWB [526, 552{554]. In the formalism

9Note, however, that only the Stokes parameter associated to the intensity, I , corresponds to an energy
density, and no actual energy density is associated to the Stokes parameters describing linear and circular
polarizations [526].
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Figure 2.2 : Left: plot of the intrinsic, shot noise and kinetic contributions to the dipole
of the AGWB as a function of the frequency. Right: plot of the SNR of the kinetic dipole
of the AGWB, obtained with the multi-frequency analysis of the anisotropies, and of the
intrinsic and kinetic anisotropies of the AGWB, in cross-correlation with the galaxy survey
SKAO2, as a function of the amplitude of the monopole of the AGWB. Here a network with
the triangular ET con�guration plus CE with the two interferometers (of 20km and 40km)
placed in Hanford and Livingston for 5 yrs has been considered.

adopted here, consistently with [516, 521, 547], the shot noise of the energy density is a
Gaussian random variable� 
 SN

GW (n̂; f ), with zero mean and covariance given by

CSN(n̂; f ; n̂0; f 0) =
Z

dz d~�
R(z)p(~� ) � (n̂ � n̂0)

(1 + z)2H 2(z) dV
dzd
 (z)Tobs

Y

~f = f;f 0

~f
� cc2

dE
dfd 


( ~f ; z; ~� ) ; (2.24)

where we have neglected Poisson 
uctuations proportional to the square of the number of
GW events, suppressed by the low number of GWs per host galaxy. The term� (n̂ � n̂0)
indicates that Poisson 
uctuations are uncorrelated for objects in di�erent regions in the sky,
thus the angular power spectrum is constant in the multipole space.

Kinematic anisotropies. The motion of the observer relative to the rest frame of the sources
induces kinematic anisotropies in the AGWB on the order of 10� 3c, consistent with mea-
surements of Doppler boosting in the CMB [555]. The velocity of the Local Group (LG)
relative to the large-scale structure (LSS) generates a dipole in the anisotropies [521], while
the motion of the Earth relative to the LG induces a Doppler boosting of the signal, resulting
in a dipole of order one in the velocity and in a mode coupling between di�erent multipoles,
linear in both the dipole and the intrinsic anisotropies [520, 556]. In [521], a comprehensive
discussion of all contributions to the dipole of the AGWB is provided, demonstrating how
the Einstein Telescope (ET) in combination with the Cosmic Explorer (CE) could be used
to accurately measure the velocity of the Local Group (LG), yielding results competitive
with large-scale structure (LSS) observations. Ref. [522] showed that prior knowledge of the
direction of the LG velocity (e.g., from CMB observations) can enhance the sensitivity to the
AGWB kinematic dipole. Additionally, it showed that the Earth's peculiar motion must be
accounted for to avoid biases of up to� 10% in the inferred dipole amplitude.

Component separation of the anisotropies. The anisotropies of the AGWB are expected to
be dominated by the shot noise 
uctuations, which are of the order of 10� 1 � 10� 3, because
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of the low number of CBC mergers in the Universe per year. Therefore, the detection of the
kinetic and intrinsic anisotropies could be very challenging. Several attempts have been made
in order to reduce the impact of the shot noise, for instance by cross-correlating the AGWB
with galaxies [554] or lensing [515], but, because of the low angular resolution of ET to the
anisotropies of the GWB, it is challenging to get a SNR larger than one for the intrinsic and
kinetic components using standard techniques. In [521], it has been realized that the three
contributions to the angular power spectrum exhibit di�erent frequency dependencies for
f & 100 Hz. Therefore, the distinct frequency scaling of these anisotropies could potentially
be used for component separation. In the left panel of �gure 2.2 we plot the three dipoles at
di�erent frequencies, while in the right one we show the SNR of the anisotropies with ET+CE
in 5 years of observations. In the right plot, the blue line is the SNR of the kinetic dipole
of the AGWB with the multi-frequency analysis. When the instrumental noise is taken into
account, it becomes evident that a kinetic dipole in an AGWB with an amplitude consistent
with the current LVK bound could be detected with an SNR ' 3. In order to show the power
of the multi-frequency analysis, we also plot the SNR of the intrinsic and kinetic anisotropies
of the auto- and cross-correlation of the AGWB with the SKAO2 galaxy catalogue [557], up to
`max = 100 (orange line), without considering the frequency dependence of the anisotropies.
When instrumental noise does not dominate the AGWB signal, it become evident that multi-
frequency analysis seems to be the most e�cient technique for addressing the shot noise issue,
improving by orders of magnitude the SNR.

2.1.3 Polarization of the GWB and parity violation

2.1.3.1 Polarization of the AGWB. In GR, the AGWB is expected to be unpolarized
because the average over polarization angles set to zero linear polarizations and the aver-
age over inclination angles set to zero the circular polarization (see [526] for the explicit
computation). However, shot noise 
uctuations can generate a net amount of both linear
and circular polarization (even for isotropic source distributions [526] ). In particular, cir-
cular polarization could be observed by ET+CE with an SNR greater than 2 in one year
of observations [547]. A computation analogous to eq. (2.24) for theV Stokes parameter
indicates that the amplitude of the circular polarization is indeed comparable to the shot
noise in the intensity and exhibits an angular power spectrum that is constant in multipole
space. In the right panel of �gure 2.1 we plot the monopole (intensity) and amplitude of the
shot noise as a function of frequency, along with the PLS of the intensity (monopole) and
circular polarization (monopole plus anisotropies). The circular polarization of the AGWB
represents a foreground for the detection of polarized cosmological signals, and component
separation techniques based on the frequency and angular dependence of the signal should
be adopted [547].

Various mechanisms in the early Universe can generate parity violation, leading to an
uneven production of left- and right-handed circularly-polarized GWs. Since parity-violating
GWs are expected to be cosmologically sourced, polarization could be used together with the
intensity to identify the primordial origin of the signal, although the circular polarization of
the AGWB discussed is an unavoidable foreground for polarized cosmological backgrounds.
Searches for polarized GWBs can allow one to place constraints on parity-violating theories,
as we discuss next.

2.1.3.2 Chiral GW Sources. A number of mechanisms can result in parity violation in
the early Universe [558]. Two compelling, well-studied, classes of parity-violating in
ation-
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ary models that could lead to a circularly polarized GW background include Chern-Simons
gravity [559{562], and axion-gauge �eld in
ation [563{587]. More details on axion in
ation
mechanism can be found in section 2.2.1.2. Other sources such as GWB from turbulence
in the primordial plasma induced either from cosmological �rst-order (electroweak or QCD
phase transition beyond the Standard Model) phase transitions [588{590] and from the pri-
mordial magnetic �elds that are coupled to the cosmological plasma [591{595] can be chiral.
Although an AGWB is typically expected to be unpolarized, polarization can occur when
considering shot noise 
uctuations, as we discussed in section 2.1.2.2.

2.1.3.3 Detection Formalism for Chiral Gravitational Waves. We now discuss the
formalism used in detecting parity-violating backgrounds, following [525, 596]. This formal-
ism was used in practice in the LVK data in [597, 598], and in simulated third-generation
networks in [597, 599]. We use the circularly polarized baseseR = ( e+ + ie� )=

p
2 and

eL = ( e+ � ie� )=
p

2 (with + and � the plus and cross polarizations, respectively) to obtain
the right- and left-handed modeshR = ( h+ � ih � )=

p
2 and hL = ( h+ + ih � )=

p
2, respectively.

Using eq. (2.10), the right-right and left-left correlators can then be written as
�

hh�
R (f; n̂)hR (f 0; n̂0)i

hh�
L (f; n̂)hL (f 0; n̂0)i

�
=

1
8�

� (f � f 0)� 2(n̂ � n̂0)
�

I (f; n̂) � V (f; n̂)
I (f; n̂) + V (f; n̂)

�
; (2.25)

We use the standard cross-correlation estimator [524, 600{602]

hĈd1d2 i =
Z 1

�1
df

Z 1

�1
df 0� T (f � f 0)hs�

d1
(f )sd2 (f 0)i ~Q(f 0)

=
3H 2

0T
10� 2

Z 1

0
df


 0
GW (f )
 d1d2

I (f ) ~Q(f )
f 3 ; (2.26)
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with H0 the Hubble parameter, T the observing time, � T (f ) = sin( �fT )=(�f ), ~sd1 (f ) and
~sd2 (f ) the Fourier transforms of the strain time series of two GW detectors (denoted by
d1; d2). We apply the usual ~Q(f ) as the optimal �lter taking into account detectors' strain
power spectral densities, andF A

n = eA
abd

ab
n stands for the contraction of the tensor modes

of polarization A to the nth detector's geometry. We denote by
 d1d2
I the standard overlap

reduction function of two detectors d1; d2, and by 
 d1d2
V the overlap function associated with

the parity violation term. The polarization degree, �( f ) = V (f )=I (f ), takes on values
between -1 (fully left polarization) and 1 (fully right polarization), with � = 0 being an
unpolarized isotropic GWB. We build the Gaussian log-likelihood for a network ofN detectors

logp(Ĉ(f )j� ) /
NX

i;j>i

X

f

h
Ĉdi dj (f ) � 
 0

GW (f; � )
i 2

� 2
di dj

(f )
; (2.28)
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where Ĉdi dj (f ) is the frequency-dependent cross-correlation estimator of the GWB calcu-
lated using data from detectorsdi ; dj , and � 2

di dj
(f ) is its variance, and � are the associated

parameters to the tested GWB model.

2.1.3.4 Detection Prospects for Chiral Gravitational Waves. In the context of ET,
this formalism has a number of rami�cations on parity violation detection. We plot the
standard and parity-violating associated overlap reduction functions in �gure 2.3. One can
see that the parity violating associated overlap reduction function between two detectors of
an assumed triangular design10 would be approximately 0 due to their co-planarity to one
another. From eq. (2.27) this would imply that 
 GW � 
 0

GW for even entirely chiral GWs.
Thus, parity- violation inferences on GW data with this formalism is di�cult with a triangu-
lar ET con�guration alone. However, ET in combination with other detectors (such as CE)
should have 
 d1d2

V (f ) 6= 0 due to their non-coplanarity - thus allowing for parity violating
inferences in extended networks whilst taking advantage of ET's sensitivity. A 2L design for
ET, and any additional detectors in the network, would not face such problems for similar
reasons. Reconsidering the previously described formalism while taking into account the full
response functions and noise curves across the entire frequency band (for planar detectors),
it is found that O(1) net polarization can be detected in the GWB, with a magnitude of
h2
 GW ' 10� 11 and an SNR of order one [603]. Fully analytical and covariant details of
these parity-sensitive response functions, which are critical for parity violation detection, can
be found in [603]. Extensions to search for GWBs with anisotropies and circular polariza-
tion have been developed and studied in the context of ground-based detectors [604]. Many
results are in agreement with [598] in an LVK context; however, an ET+CE network can
improve this by about three orders of magnitude. As discussed in section 2.1.2.2, the pres-
ence of a circularly polarized AGWB may provide an additional challenge for CGWB parity
violation detection [547]. A simpli�ed example showed that, by taking advantage of di�er-
ent background features, such as their frequency dependence and features in the sky maps,
it is possible to reconstruct the primordial background with good precision using ET+CE,
primarily limited by instrumental noise, as in the case of the intensity. That said, separation
corrections of the order of 20% to the total SNR must be carefully taken into account.

2.1.4 Source separability

Once a GWB is detected, the next important question will be to relate the signal to the
sources that contribute to it. In particular, one will be interested in separating compact
binary coalescences (namely a pure astrophysical contribution) from possible sources of a
cosmological origin (for instance in
ation, cosmic strings or �rst-order phase transitions). A
Bayesian analysis has shown that current terrestrial interferometers (i.e., Advanced LIGO
and Advanced Virgo network), even once operating at design sensitivity will not allow for
separation of the sources [605]. Assuming one is able to do an individual source subtrac-
tion [606], the residual CBC contribution to the GWB will be dominated by unresolved

10 We follow the terminology of the 2020 ET Design Report Update, https://apps.et-gw.eu/tds/?r=
18715: the high-frequency (HF) and low-frequency (LF) interferometers that make the so-called \xylophone"
con�guration are indeed referred to as \interferometers". The combination of a HF interferometer and a LF
interferometer (whether in a L-shaped geometry, or with arms at 60 � as in the triangle con�guration) is called
a \detector". The whole ensemble of detectors is called an \observatory". So, ET in the triangle con�guration
is made of three detectors for a total of six interferometers, while in the 2L con�guration it is made of two
detectors, for a total of four interferometers.
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Figure 2.3 : Standard and parity-violating overlap reduction functions plotted over ground-
based detector frequency range. When assuming a triangular con�guration for ET, we plot
the result for a pair of ET detectors (out of the three composing the triangle), and for one
ET detector (out of the three composing the triangle) and a Cosmic Explorer (CE), with CE
taken either in the current Hanford site or in the current Livingston sites. When assuming
the 2L con�guration for ET, we plot the result for this pair of L-shaped detectors. The
triangular ET design is assumed in Virgo location. We denote the triangular pairing with i ,
j as all pairings produce the same overlap reduction functions.

binary neutron star mergers at the level of � 10� 11 at 10 Hz.11 Third generation (3G)
detectors, like Einstein Telescope, and in particular a network of 3G detectors will allow
simultaneous separation of astrophysical and cosmological GWBs, provided reasonable levels
of individual source subtraction can be achieved [605].

The separability of sources in the ET frequency band has several challenges given the
multiple components contribute to the overall signal. This makes the parameter space large
and complex. This complexity, along with degenerate characteristics, complicates such a task
making it also computationally challenging. A computationally less demanding approach
could be performed in a two-step process: �rst, reconstruct the GWB spectrum agnostically
(as in LISA data analysis techniques [608{611]); second, convert the spectrum constraints
into population and cosmological parameter constraints (see e.g., [612] for a recent applica-
tion). This method allows to balance accuracy and feasibility and can help identify relevant
parameter spaces for full Bayesian techniques.

Another limitation in the detection of the GWB signal is the impact of signi�cant residu-
als, primarily from uncertainties in coalescence phase and luminosity distance, when resolved
sources are subtracted [606, 607]. Enhanced signal subtraction methods are necessary to
improve the observation of other astrophysical and cosmological GWBs.

11 A more detailed analysis shows that the result actually depends on the shape of the cosmological spectrum
that is being searched, see [607] and section 9.5.3.
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2.1.5 Impact of correlated noise on GWB

To be able to resolve the weak signal from the GWB, one needs to rely on cross-correlation
methods to suppress independent noise sources at the di�erent detectors. In the absence of
correlated noise, this implies that any remaining correlated signal is from GWs. However,
past research has shown that such a correlation analysis is prone to noise contamination from
correlated noise sources, both for co-located as well as widely separated detectors. As a �rst
order approach one should consider to reduce the noise couplings, so to lower or entirely
remove such correlated noise disturbances. If this is deemed impossible one could consider
either to subtract the noise by e.g. Wiener �ltering methods or perform a joint parameter
estimation taking both the correlated noise and the GWB signal into account. Finally, if
the correlated noise has a much larger amplitude and/or is not known with high accuracy,
one has to consider whether it is more e�cient to remove all the contaminated frequency
bins/time segments and only use the part of the data with the highest data quality.

In the next sections we will discuss two noise sources, which have been considered to
potentially contaminate the search for an isotropic GWB with the ET. Please note that
in this work we only focus on fundamental, environmental noise sources and their impact.
Earlier work has indicated that co-located detectors could have additional correlated noise
from detector infrastructure, which could potentially have signi�cantly higher e�ects [613].
However, more work is needed to understand the levels of correlation of infrastructural noise
in a realistic ET environment.

2.1.5.1 Noise correlations from electromagnetic phenomena. On the Earth, every
second about hundred lightning strikes occur. This vast amount of electromagnetic discharges
creates standing waves in the cavity formed by the Earth's surface and the ionosphere, known
as the Schumann resonances [614, 615]. With the fundamental mode and subsequent har-
monics occurring at � 7.8 Hz, � 14 Hz, � 21Hz, etc., this broadband noise source falls within
ET's low frequency sensitivity range. Due to the global nature of this noise source, it has the
potential to couple coherently to GW interferometric detectors, no matter their separation.
In past work the Schumann resonances were coherently observed in the magnetometers at
both the LIGO sites as well as at Virgo [616{620].

Earlier work has highlighted how correlations due to electromagnetic 
uctuations can
impact the search for an isotropic SGWB up to � 30 Hz if one assumes similar levels of
magnetic coupling at the ET compared to 2G detectors such as LIGO and Virgo [613].
The coupling should be reduced by three to four orders of magnitude per detector around
5 Hz to remove any noise contamination [613]. Furthermore, above 30 Hz there is potential of
additional contamination in narrow frequency bands around resonant features in the magnetic
coupling. More work is needed to understand whether the magnetic coupling to ET can be
reduced compered to 2G detectors to (partially) deal with this noise contamination. Also the
e�ectiveness of noise subtraction, as described in [617{619], or joint estimation, as discussed
in [621], in case of such a loud noise sources should be further investigated. However, it is
to be noted the correlated signal from magnetic origin has a steeply declining behavior as a
function of frequency, whereas many of the expected GW backgrounds have a 
at or slowly
increasing 
 GW signature. This characteristic behavior originates from the steeply declining
magnetic coupling function observed at 2G detectors.
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Figure 2.4 : The projected impact from correlated NN from body-waves on the search for an
isotropic GWB. We present budget based on observed seimic correlations from four di�erent
seismic sites. Note that many parameters, such as depth, horizontal separation, etc., vary
for the di�erent sites; see [623] for an in-depth discussion. Figure from [623].

2.1.5.2 Noise correlations from seismic phenomena. More recent work has also inves-
tigated the e�ect of coherent seismic noise and the subsequent Newtonian Noise (NN)12[622,
623]. This noise source will only appear correlated between di�erent ET detectors if they
are located closely to each other. More concretely, the detectors are considered to be located
closely together if their input and/or end towers are separated by a distance of several hun-
dreds of meters up to several kilometers. This will be the case in ET's proposed triangular
detector con�guration. The exact distance at which the coherence of seismic noise decreases
enough in the relevant frequency band for the ET is likely to be somewhere between 2km
and 10km, however additional research is needed to con�rm this.

Depending on the speci�c seismic environment of ET's site, the coherent NN noise
originating from seismic body-waves will contaminate the sensitivity to an isotropic SGWB
up to 20 Hz{40 Hz [622, 623], as shown in �gure 2.4. Similar to the magnetic noise scenario,
the lowest frequencies are a�ected more seriously and the NN is predicted to have a declining
behavior as a function of frequency (when expressed in terms of 
GW ). This might facilitate
spectral separation if one is looking for a GWB which has a 
at or increasing 
GW spectrum as
function of frequency. More concretely, in [623] is considered the seismic correlations observed
at seismically quiet site in France. In case of a similar seismic environment, using a starting
frequency of 15 Hz{20 Hz rather than 1 Hz for the analysis of a GWB, could potentially
eliminate any e�ect from correlated NN, as shown in �gure 2.4. In such a scenario, one
would lose a factor � 6 � 9 (� 3 � 4) in the SNR for a power-law GWB 
 GW / f � with
� = 0 (respectively, � = 2=3), compared to an optimal ET scenario with starting frequency
of the analysis at 1 Hz. GWB signals with steeper power-laws such as� = 3 would experience
no e�ect as their key resolvability comes from frequencies which are not a�ected by the low
frequency noise correlations.

12 NN is a force directly exerted on GW test-masses caused by density 
uctuations in the surrounding
medium.
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2.1.6 Reconstruction of GWBs in presence of correlated noise

As discussed in section 2.1.5, a critical challenge in detecting the GWB is the precise char-
acterization of correlated detector noise, which is essential for distinguishing the signal from
spurious instrumental and environmental 
uctuations. We have seen that the triangular
geometry su�ers of correlated noise sources due to the relative proximity of interferometer
components, leading to potential contamination in GWB searches.

The e�ect of correlated noise on the detection and characterization of the GWB with
ET has been recently studied in [624]. In particular, a new Bayesian framework has been
introduced to simultaneously reconstruct the parameters of the GWB and the correlated
noise, both modeled as power laws in the frequency domain. Ref. [624] derives a general
likelihood for the GWB that accounts for correlated noise and performs parameter estimation
on di�erent sets of simulated data containing both a GWB signal and a correlated noise
contribution. The analysis was conducted on an injected signal representative of a typical
GWB expected from stellar compact binary coalescences, along with an injected correlated
noise characterized by a varying amplitude and a slope typically expected from Newtonian
noise.

Mock data for the GWB were generated, and under the assumption of accurate noise
modeling, it was found that with one day of observation, both the GWB and noise parameters
could be reconstructed with percent-level accuracy, as shown in �gure 2.5. As expected, the
precision in reconstructing the noise parameters decreases as the noise amplitude approaches
zero. The accuracy of the GWB parameters remains essentially stable across di�erent values
of the correlated noise amplitude. These results indicate that detecting and characterizing
the GWB is feasible in the presence of correlated noise, provided that the noise Cross Spectral
Density (CSD) is correctly modeled.

In the analysis, the performance of the 10 km triangular con�guration of ET was com-
pared to that of the 2L 15 km design. The 2L design outperforms the triangular one, with
credible regions for the GWB parameters approximately 1.5 times smaller. This slight im-
provement is mainly attributed to the longer interferometer arms, which enhance sensitivity
to the GWB. However, the triangular con�guration remains competitive when accurate noise
modeling is implemented. This study demonstrates that the presence of correlated noise is
a relevant limitation, but it is possible to reconstruct the GWB parameters, provided that a
reliable noise model is available. This assumption holds for data simulated using the same
power-law noise model employed in the analysis. However, when dealing with real data, more
sophisticated noise models, possibly informed by seismographic data taken on-site, will be
necessary to achieve the required level of precision in noise reconstruction.

The analysis has been performed assuming a power law behavior of the GW signal
and noise. Further extension would require to consider more sophisticated models for the
correlated noise, as well as to consider GWB sources which have a spectrum beyond a simple
power law, such as phase transitions, or cosmic strings.

Additionally, the analysis has highlighted the importance of accounting for possible
noise correlations in GWB parameter estimation. The same simulated data were analyzed
using a likelihood that included only the GWB signal, without considering correlated noise.
In this case, the reconstructed GWB parameters result to be signi�cantly biased relative to
the injected values for every correlated noise amplitude used to generate the data.
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Figure 2.5 : Corner plot of the posterior distributions for the amplitude of the GWB
log10 AGW , the tilt nGW , and the amplitude r , and the tilt nnoise of the noise. The shaded
areas represent the 1-, 2-, and 3-� credible regions. The orange lines indicate the injected
values for the four parameters. Figure from [624].

2.2 Probing the early Universe

2.2.1 GWs from in
ation

2.2.1.1 The single-�eld slow-roll paradigm: vacuum 
uctuations. In its simplest re-
alization, in
ation is driven by a single scalar �eld slowly rolling down its potential [625{628].
There exist several such \minimal" in
ationary models that fare well compared to observa-
tions, such as the Starobinsky model [626] or Higgs in
ation [629]. The general prediction
associated with single-�eld slow-roll models is that of a slightly red-tilted GW spectrum
sourced by vacuum 
uctuations [630, 631]. Typically, CMB probes are then expected to
provide the most stringent constraints on this class of in
ationary models.

Let us recall that, in a generic in
ationary model, the primordial spectrum of tensor
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perturbations PT;in (k) is de�ned by13

hhTT
ij (� in ; x)hTT

ij (� in ; x)i =
Z 1

0

dk
k

PT;in (k) ; (2.29)

where � in is chosen deep into radiation dominance, and such that all modes of interested
are super-horizon, and is taken as the initial value of conformal time for the subsequent
evolution until the present epoch. A useful parametrization for the primordial GW spectrum
in single-�eld slow-roll (SFSR) models is a power law

PT;in (k) = AT (k� )
�

k
k�

� nT

; (2.30)

wherek� is a suitably chosen pivot scale (for CMB studies typical values arek� = 0 :05 Mpc� 1,
or k� = 0 :002 Mpc� 1), while nT is the tensor spectral index, which in general is a function
of k. In similar way, can be parameterized the primordial scalar power spectrum, with an
amplitude AR (k), where R is the primordial curvature perturbation. Using the equivalent
notation AS(k) � AR (k) for the amplitude of scalar perturbations, the ratio of the amplitude
of the tensor and scalar power spectra allows to de�ne the tensor-to-scalar ratior (k) =
AT (k)=AS(k).

In the SFSR paradigm, for f >� 10� 4 Hz (and therefore at the frequencies relevant for
ground-based detectors, as well as for LISA and even PTA) the GWB produced by the
ampli�cation of quantum vacuum 
uctuations can then be written as

h2
0
 gw(f ) ' 1:44� 10� 16

�
r (k� )
0:1

� �
AS(k� )

2:14� 10� 9

� �
f
f �

� nT
�

106:75
g� (Tk )

� 1=3

; (2.31)

(see, e.g., eq. (21.357) of [501]).14 CMB observations constrain the amplitude of scalar
perturbations to AS(k� ) ' 2:14 � 10� 9 at a pivot scale k� = 0 :05 Mpc� 1, and put an upper
bound on r (k� ) of about 0.03, when the consistency relationr = � 8nt is assumed [632](see
also [633] for a constrain atk� = 0 :01). If the consistency relation is not assumed the bounds
are less stringent with r0:01 < 0:066 and� 0:76 < n T < 0:52 at 95%CL [634]. The frequency
f � corresponding to the pivot scalek� is extremely low, compared to the frequencies explored
by ground-based detectors. For instance, a pivot scalek� = 0 :002 Mpc� 1 corresponds to
f � ' 3 � 10� 18 Hz. Therefore, in eq. (2.31), at the frequencies of ground-based detectors (or
of LISA), in the term ( f=f � )nT , the factor f=f � is very large, and the prediction for h2

0
 gw(f )
at frequencies relevant for ET depends crucially on the sign ofnT . For single-�eld slow-roll
models of in
ation, nT = � r (k� )=8, so the tilt is negative (and small in absolute value, given
the observational bound r (k� ) < 0:1). Then, at the frequencies relevant for ET,h2

0
 gw(f ) is
below 10� 16, and is not detectable by 3G detectors, see �gure 2.6.

2.2.1.2 Multi-�eld scenarios. Remarkably, there exist a non-trivial number of multi-
�eld in
ationary scenarios supporting a detectable signal at interferometer scales. Amongst
these, a promising class of models that has gained considerable attention is axion in
ation (see
[635] for a review). In these models the axion potential has an (approximate) shift symmetry
protecting its light mass from large quantum 
uctuations. When the axion-like particle plays

13 We follow the de�nitions and notation of Chapter 19 of [501].
14 The expression of h2

0 
 gw (f ) for f eq<� f <� 10� 4 Hz, where f eq ' 3 � 10� 17 Hz, is also quite similar, see
eq. (19.291) of [501].
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Figure 2.6 : Spectrum of the single-�eld slow-roll in
ation as a function of frequency, together
with the PLS of LISA and ET in two di�erent con�gurations. The solid, dashed, dot-
dashed standard in
ation curves are computed by adoptingr (k?) = 0 :1, r (k?) = 0 :01 and
r (k?) = 0 :001, respectively.

the role of the in
aton the symmetries of the theory addresses directly the� -problem. Well
studied single-�eld realisation of axion in
ation (such as natural in
ation [636]) have been
recently ruled out [637]. Remarkably, multi-�eld realizations exist [563{587, 638, 639] with
intriguing gravitational wave phenomenology and the added feature of a sub-Planckian axion
decay constant, a very desirable feature from the top-down perspective [640]. In multi-�eld
constructions the axion is typically coupled to a (hidden) gauge sector via a Chern-Simons
term. Note that models with multiple axion-like particles (ALPs) have also been explored
[641, 642], with ALPs populating also spectator sectors of the in
ationary Lagrangian. The
GW signatures of theories rich in spectator �elds are very similar to those of their more
minimal counterparts.

Let us consider the example of a pseudo-scalar in
aton �eld� and N gauge �elds A I
�

(see e.g. [563{565, 567, 568, 638]):

L = �
1
2

@� �@� � �
1
4

F I
�� F ��

I � V (� ) �
� I

4f
�F I

��
~F ��

I ; (2.32)

with scalar potential V typically of the natural in
ation type V(� ) = � 4[1 + cos (�=f )], and
whereF I a

�� = @� A I a
� � @� A I a

� � g �abcA I b
� A I c

� is the �eld strength tensor. Notice that the gauge
group index \a" is suppressed in eq. (2.32). The �eld strength reduces to the Abelian case
for vanishing g. The dual �eld strength tensor is ~F ��

I = � ���� F I
�� =(2

p
� g) and f is the mass

scale suppressing higher dimensional operators, whilst� parameterizes the strength of the
Chern-Simons coupling. This setup leads to exponential gauge production, with potentially
detectable GWs and possibly ampli�ed scalar perturbation sourced by the gauge �eld.

Common to Abelian and non-Abelian scenarios is the following dynamics: the axion-
in
aton rolls down its potential and dissipates some of its kinetic energy into the gauge sector.
The parity-violating nature of the Chern-Simons term results in only one polarisation of the
gauge �elds being ampli�ed when sourcing GWs (and scalar 
uctuations). Such a sourcing
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Figure 2.7 : The GW density 
 GW obtained in the case of a spectator axion superimposed
with the sensitivity curves of GW detectors, including ET. The blue (red) dashed line corre-
sponds to the strongly (weakly) ampli�ed polarization. The continuous black line gives the
total signal.

mechanism may give rise to a blue or bump-like features in the GW and scalar spectra
depending also on the in
aton/spectator role played by the axion(s).

The corresponding GWB can be characterised as [565, 578, 643]


 GW '

8
>><

>>:

1
12
 R;0

�
H 2

� 2M 2
Pl

� �
1 + 4:3 � 10� 7 H 2

M 2
Pl � 6 e4��

�
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�
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�

� = � cr

�
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2 � 6
cr

�
27=4H
g
p

�
e(2�

p
2)��

� 2

� = � ref

�
; for SU(2)

(2.33)

whereM Pl is the reduced Planck mass, the radiation energy density today 
R;0 = 8 :4� 10� 5

and the parameter � is proportional to the in
aton velocity

� �
� _�

2fH
: (2.34)

where � cr = � (x = 1) and � ref = �
�
x = (2 +

p
2)� cr

�
, with x = � k� for conformal time � .

The result for the SU(2) case is valid when 0:008e2:8� cr & 1=g.
The exponential sensitivity of the gravitational wave spectrum is a key feature that

allows for promising detection prospects. The GWB in eq. (2.33) is expected to be also non-
Gaussian and fully chiral for large � [567, 578], two features that can assist in the separation
of sources in the GW data.

The ability of gauge �elds to signi�cantly amplify GW notwithstanding, the GW ob-
servational prospects can be limited, for Abelian models, by the risk of overproducing scalar
modes [643, 644]. The non-observation of primordial black holes (PBH) places upper bounds
on the scalar power spectrum. PBHs are produced when large curvature 
uctuations re-
enter the horizon during the radiation epoch. These PBHs must satisfy constraints on their
abundance, derived from cosmological and astrophysical data [498, 645]. The statistics of the
comoving curvature perturbation plays a key role in this upper bound [643, 644]: a Gaus-
sian assumption places an approximate upper bound ofPR � 10� 2, whereas an assumed
� 2-statistics places a tighter upper bound ofPR � 10� 4.
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Figure 2.8 : Backreaction and SNR prospects as a function of the gauge coupling constant
g and the velocity parameter � (f ) = � const for two values of the coupling constant, �=f =
30=MPl . The Hubble rate on the CMB scale is assumed to beHCMB = 2 :1 � 10� 5 M Pl .
The brown and red lines are the SNR contours calculated assuming 1 year of observation
with the design LVK and ET + 2 CE network sensitivities, respectively. The blue and green
bands representj� � 1j � 0:25 and 0:1, where we expect that the PBH overproduction bound
could be relaxed in the strong backreaction regime. The light purple region represents the
slow-roll parameter satisfying � H � 1, where in
ation is still ongoing. Yellow and orange
regions correspond to the parameter space where the primordial curvature spectrum stays
below the PBH upper limit assuming Gaussian (PR � 10� 2) and � 2 (PR � 10� 4) statistics.
Additionally, we shade the Abelian regime in magenta (below the black dotted line) and the
strong backreaction regime in gray (upper region of thej� � 1j band), in both of which the
estimation of the SNR is not reliable.

Enforcing PBH constraints may result in a GWB sourced by axion in
ation that is
undetectable by ET. There are however several models that can generate a detectable GW
signal all the while satisfying PBH bounds. For example,N > 1 coupled U(1) gauge �elds
can suppress the scalar power spectrum by 1=N in the � � 1 regime. Such an extension
was shown to create a working linear potential forN = 6 couplings and a working quadratic
model for N = 10 couplings [599, 644]. Recent lattice simulations of axionU(1) in
ation
assuming a quadratic potential showed that strong backreaction close to the end of in
ation
can suppress non-Gaussian behavior in comoving curvature perturbation, softening the PBH
bound in ground detector frequency regime [646] (see also [647] for lattice studies on Abelian
models). This relaxed bound would allow this model to be detectable by GW detectors,
including ET, LISA and even advanced LIGO. Extending axion in
ation models with an
additional pseudoscalar �eld di�erent from the in
aton can provide a localised bump in the
tensor and scalar spectrum. It can also create detectable GW signal that conform to PBH
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Figure 2.9 : Posterior distributions from Bayesian inference assuming a piecewise, toy model
potential, with in
aton velocity � CMB before pivot frequencyf 0, and velocity � 0 after. This
search is done assuming� 2 statistics. The shaded regions correspond to the 95% CL. The
di�erent colors used are: blue for ET and orange for a network consisting of ET+2CE. The
red cross and line correspond to the injected values.

and CMB related bounds [644, 648], see �gure 2.7.
The GW sourcing mechanism for non-Abelian models is rather di�erent: GWs are

sourced already at the linear level by tensor degrees of freedom in the gauge sector [569].
The sourcing mechanism for scalars being less tied to the fate of tensors ampli�cation, PBH
bounds are typically less stringent in these scenarios.

A PBH constraint in non-Abelian �eld contexts can limit, but does not exclude GWB
detection prospects [587, 649]. A general parameter space study performed in [649] found
that assuming, conservatively, a constant in
aton velocity,15 a GWB from non-Abelian �elds

15 In
aton velocity � generally increases exponentially during in
ation.
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Figure 2.10 : GWB predicted by pre-big-bang cosmology, compared with the PLS of the
considered ET con�gurations. Here we assume an observation time of one year and SNR = 1.
The shaded green area is the range of the GWB allowed by a set of consistency conditions
on the parameter space of the model [650]. The GWB spectral shape is computed assuming
zs = 5 � 106, zd = 103, z� = 2 :2 (\PBB 1" curve, broken power law within the ET sensitivity
window) and zs = 108, zd = 103, z� = 2 :2 (\PBB 2" curve, almost 
at plateau within the
ET sensitivity window). Here zs = � s=� 1, zd = � d=� 1 and z� = � � =� 1 are ratios of conformal-
time scales marking four di�erent regimes: de Sitter evolution for � � s < � < � � 1, radiation
domination for � � 1 < � < � � , matter domination for � � < � < � d and another radiation-
domination phase for � > � d.

can be 3G detectable - even with more constraining power in the� 2-statistical assumptions,
as reported in �gure 2.8. An injection of a GWB sourced by a piece-wise scalar potential
analysed using a triangular ET detector and a ET+2CE network yielded a logBayes factor
for an GWB versus noise greater than 79, a con�dent detection. The posterior distribution
of the non-Abelian and of the cosmological parameters is shown in �gure 2.9 for di�erent
detector con�gurations.

2.2.1.3 Pre-big-bang cosmology. As we have seen in the previous subsection, the in
a-
tionary prediction from single-�eld slow-roll in
ation is in general too small to be detectable
by third-generation detectors. From eq. (2.31) we see that the key to having a detectable
spectrum is to have nT > 0 (i.e., a \blue" spectrum), at least up to the ET frequencies.
Eventually, the slope will have to 
atten until it reaches a cuto�, in order not to violate up-
per bounds onh2

0
 gw(f ), such as the Big-Bang Nucleosynthesis (BBN) bound, that requires
that the integral of h2

0
 gw(f ) over d log f will be smaller than O
�
10� 6

�
[651].

A model that displays such a behavior is the so-called \pre-big-bang" cosmology [652,
653], which emerges quite naturally from the low-energy e�ective action of string theory, and
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predicts a blue tensor spectrum [654, 655]. The GWB of this model roughly has a bell-shaped
form characterized by a maximal 
at plateau whose length in frequency can vary from zero
(maximum peak) to a wide interval, depending on the value of the theoretical parameters
[650]. The portion of this shape falling into the ET frequency range is either a 
at signal
(the plateau at maximal amplitude) or a broken power law; see �gure 2.10. In the latter
case, the GWB raises asf 3 at low frequencies and then, at some frequencyf s, it changes
slope to f 0; f s must be taken as a free parameter, since it depends on the details of the
cosmological evolution in the high-curvature phase of the model [656, 657]. The spectrum
then drops down at higher frequencies not shown in the plot.

2.2.2 GWs from phase transitions

One of the possibly strongest sources of GWs from the early Universe is a cosmological �rst-
order phase transition [588] that could lead to large observable signals at next-generation GW
observatories. The peak frequency of the signal is �xed by the temperature of the Universe at
the time of the phase transition. Particularly interesting is the case of the electroweak phase
transition that would give rise, if it is �rst-order, to a GW signal in the milliHertz range
observable at LISA [500, 658{662]. ET would be a window on phase transitions happening
much earlier, and would therefore probe particle physics that is well beyond the reach of
particle colliders.

While the Standard Model of high energy physics does not exhibit any �rst order phase
transitions, numerous Beyond Standard Model (BSM) scenarios do. Quantum �eld theory
and string theory typically feature a complicated vacuum manifold with several coexisting
minima. The unknown evolution of the early Universe might have populated, possibly via
the mechanism of symmetry restoration, false vacua and lead to a series of phase transitions
(PTs) between the minima of the manifold. The larger the latent heat released during the
transition, the stronger is the resulting GW signal. In this context, �rst-order PTs (FOPTs)
proceed via the stochastic nucleation of spherical bubbles of the new phase in the old phase,
with the probability of nucleation per unit of time and volume controlled by stochastic
processes

Pnucleation / A(t)e�S c (t ) ; (2.35)

whereSc(t) is the euclidean action of the critical bubble. The bubbles subsequently grow and
�ll the space until the total conversion of the plasma to the true minimum. In this process
they produce GWs that can be observed at ET. There are two crucial steps on mapping the
BSM physics parameters (couplings, mass scales) to the induced GW signal. The �rst step
consists in mapping the BSM parameters to the thermal description in terms of energy budget
parameters. The energy released during the PT can be quanti�ed by the ratio between the
energy stored in the vacuum and in the plasma at the moment of the transition [660, 661, 663]

� (T) �
� V (T) � T @� V

@T

� rad
(Strength parameter); (2.36)

which has to be evaluated at the percolation temperature. A second important parameter is
the duration of the phase transition. The duration from the nucleation to the percolation can
be approximated by expanding the rate of nucleation at �rst order and leads to the de�nition

~� �
�
H

= �
d(Sc=T)

Hdt
(Duration of the transition) : (2.37)
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The normalised speed of nucleation~� / texpansion=ttransition , with t transition the typical time
the transition takes to complete and texpansion the Hubble time, measures how fast a bubble
nucleates with respect to the expansion of the Universe, giving an estimate of the speed of
completion of the transition. This value can be related to the size of the bubbles at collision
via [661, 664, 665]

Rcoll =
(8� )1=3

H reh�
: (2.38)

Note that in the case in which the phase transition is seeded by topological defects [589, 666,
667], the duration of the transition and the bubble size are instead related to the number of
defects per Hubble volume, a�ecting also the GW signal [668{672].

Assuming that the transition occurs in less than an Hubble time, we can apply conser-
vation of energy arguments to obtain the reheating temperatureTreh:

(1 � 
 GW )
�
� V + � rad

�
�
T = Tper

�
= � rad

�
�
T = Treh

) Treh � (1 + � )1=4Tnuc ; (2.39)

where we neglected the energy lost in the GW signal.
The terminal velocity of the bubble wall vw of the bubble has been the subject of intense

investigation, as it requires to solve a very non-trivial set of coupled equations. Estimates
of the terminal wall velocity are usually based on kinetic theory [673{676], improvement of
it [677{679], or holographic methods for strongly coupled theories [680{684] (see ref. [685]
for a quasiparticle (quasigluons) method). Typically, calculating the terminal wall velocity is
a very challenging task, and has only been performed for a limited number of models [674{
676, 679, 686, 687]. In such computations, one needs to solve the scalar �eld equation of
motion (EoM) coupled to the Boltzmann equations describing the particles in the plasma.
Simpli�cations can be obtained by assuming local thermal equilibrium (LTE) [688{695] or in
the ultrarelativistic regime [696{702]. Schematically, this mapping can be written

BSM parameters(couplings ; masses:::) ) (�; �; T reh; vw) : (2.40)

The second matching consists of the prediction of the features of the GW signal, namely, the
shape of GW spectrum, the peak amplitude 
GW ;peak, and the peak frequencyf peak, from a
set of (�; �; T reh; vw). Schematically

(�; �; T reh; vw) ) (f peak; 
 peak; GW spectrum) : (2.41)

The spectrum of the GW signal depends strongly on the source and requires to be simulated.
The process of expansion and collision of those bubbles of true phase will generate GWs
via three distinct mechanisms: i) from the bubble collision, where the energy collected in
the scalar shell on the bubble wall is released at collision [703{708], ii) from thesound waves
where the energy injected in the plasma propagates under the form of sound waves [665, 709{
711, 713, 714, 714, 715], iii) from theturbulence occurring when the sound waves decay [716]
(see also [712] for new source of GW). It is typically found to be well �tted by a broken
power-law of the type


 GW (f ) /
(a + b)cf b

peakf a

�
bf

a+ b
c

peak + af
a+ b

c
� c

; (2.42)

with parameters a; b; cgiven by simulations. In table 2.1 we report the slope in the UV and
in the IR for di�erent simulations for the 
 � (bubble collision source), the 
 sw sound wave
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Reference and group IR tail UV tail
Envelope simulation[703] 
 � 3 1
Envelope simulation[704] 
 � 2:9r � 2:95 0:9 � 1
Envelope analytic[705, 706] 
� 3 1
Bulk 
ow[704] 
 � 0:95� 0:9r 2:9 � 2:1r

Lattice Simulation [707] 
 � 3 � 1:5
Lattice Simulation[708] 
 � 0:68� 1:56 1:35� 2:25
Sound Shell model[709, 710] 
sw 9 4
Analytic[706] 
 sw 3 1
Hybrid simulation[711] 
 sw 3 3
Lattice Simulation[665] 
 sw 3 4
Analytic and simulations[712] 
 FS 1 2

Table 2.1 : Shape of the GW signals from some of the di�erent groups working on GW from
FOPT in the UV and the IR. Results are shown under the form of (f=f p;0)n for the IR and
(f=f p;0) � n for the UV tail. The su�x r means that the result is speci�c to relativistic walls.
The mismatch between numerical simulations and the current models available (Sound shell
and Bulk 
ow) motivates us to investigate further the analytic understanding of GW from
bubble collision.

sources and from the free-streaming source 
FS. Even if it seems that the spectra from the
sound waves and the bubble collisions are very di�erent for small� , it was recently argued
that the spectra from the sound-waves in the regime of large� resembles the spectrum of
the bubble collision [717].

The typical frequency peak f peak is controlled by the temperature Treh after the com-
pletion of the PT and the size of bubbles at collisionRcoll :

f peak � O (1) � 10� 5 1
H rehRcoll

Treh

100GeV
Hz ; (2.43)

whereH reh is the Hubble constant after the completion of the PT and aO(1) factor depending
on the details of the source. Figure 2.11 shows the expected spectra from sound waves, while
�gure 2.12 shows the parameter spaces of FOPT that can be probed by ET.

Testing particles physics model would consist in inverting the steps that we have made
so far. Assuming an observed stochastic signal, we have to perform the inverse problem

(GW spectrum; f peak; 
 GW ;peak) ) (�; �; T reh; vw) ) BSM parameters: (2.44)

Supercooled phase transitions in particular lead to very strong signals (large� , small �=H ).
This arises in particular naturally in models featuring nearly-conformal dynamics [720{722].
Such supercooled PTs and their associated signals were studied extensively in the context of
new TeV physics [723{725] but the same physics can be readily applied to strong dynamics
occurring at higher energies that could be connected to dark matter and that would lead to
signals in the ET window [726].

Going back to eq. (2.43), as can be seen from �gure 2.11, this GW signal would roughly
lie in the detection range of the ET detector, f between a few Hz and a few 103 Hz, if
the ratio ( H rehRcoll ) � 1(Treh=100GeV) is between a few times 105 and a few times 108, i.e.
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Figure 2.11 : GW spectra from sound waves produced by �rst-order FOPTs at temperature
Treh [661], with the wall velocity that gives the maximal energy transfer to sound waves [718,
719]. The black curves are the power-law integrated sensitivities of ET assuming a triangular
xylophone con�guration with 10km arms and the 1 and 10 years observation time with
SNR = 1.

Figure 2.12 : Regions of FOPT parameter spaces that can be probed by ET assuming
triangular xylophone con�guration with 10km arms for two values of �=H (left) and Treh

(right), assuming GW from sound waves [661] shown in �gure 2.11. The darker regions can
be probed with ET at SNR � 1 and 1 year of observation time, while the lighter regions
require 10 years.

for PTs largely above the EW scale. In this detection range, the LVK collaboration could
also constrain large regions of parameter space, specially in the case of models featuring
large supercooling, such as the conformal models [727{729], Pati-Salam models [730], high
energyB � L breaking PT [731], SUSY breaking [732, 733], Peccei-Quinn symmetry breaking
[734, 735], 
avour models [736, 737], models with extended gauge groups [738{741], and the
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remnant of the con�nement of a hypothetical composite Higgs [725, 742{744] (see also [745{
747] for more general studies). Other physical phenomena related to signals in ET have
also been envisioned, such as bubble wall enhanced phenomenon like baryogenesis [748{750],
leptogenesis [751, 752], Dark Matter production [726, 739, 753{755], and could be in the
reach of detection of ET. This exciting possibility motivates us to strengthen the relation
between model building parameters and observables in ET telescope.

2.2.3 GWs from cosmic strings

2.2.3.1 Local and global strings. Topological defects of various kinds { including cos-
mic strings and domain walls (see section 2.2.4) { may form in symmetry-breaking phase
transitions in the early Universe [756]. In particular, if the vacuum manifold contains non-
contractible loops then a network of strings will be produced, and the topological stability of
the strings means that they will still be present in the Universe until today. Cosmic strings
are referred to aslocal/global depending on the nature of the underlying symmetry groups
(see [757{760] for reviews on cosmic strings). Local cosmic strings are ubiquitous in super-
symmetric grand uni�ed theories: indeed all models which solve the monopole problem, lead
to baryogenesis after in
ation and are consistent with proton lifetime measurements form
local strings [761]. Global strings on the other hand are characteristic of axion models, and
are formed for instance when the Peccei-Quinn symmetry is broken after in
ation [762{764].
The global strings in these models can become unstable at a later stage when a subsequent
symmetry breaking phase transition leads to the formation of domain walls [762{767] (see
also section 2.2.4).

Both local and global string networks (and indeed domain-wall networks) can source
gravitational waves (GWs), and this production occurs throughout the lifetime of the net-
work, from the initial phase transition to the present day. As a result, strings produce a
GWB spectrum which generally covers a very broad range of frequencies (see e.g. [768]),
and hence can be probed by experiments in di�erent frequency bands|from the nHz and
pulsar timing array (PTA) experiments [384, 769, 770], to the mHz and LISA [768], up to
the 1{104 Hz band of ET and other ground-based interferometers. Furthermore, if a string is
su�ciently close to us, the characteristic bursts of GWs it emits [771, 772] can be searched
for individually [94]. Both type of observations (bursts or GWB) can put constraints on the
energy scale of the phase transition in which strings are formed,� , and can thus reveal the
properties of the phase transition and particle physics at that energy scale.

Local strings have a characteristic width w � 1=� and �nite energy per unit length
which (in units ~ = c = 1), is given by

G� � 10� 6
� �

1016 GeV

� 2
: (2.45)

Local strings predominantly lose energy into GWs. In contrast, global strings dominantly
radiate Nambu-Goldstone bosons, and the existence of this Nambu-Goldstone radiation leads
to a time-dependent, logarithmically-divergent energy per unit length

G� (t) � 10� 6
� �

1016 GeV

� 2
log

�
H � 1(t)

w

�
; (2.46)

where H (t) is the Hubble parameter.
In the remainder of this section, focusing on the ET frequency band, we summarise

the burst and GWB signatures of both local and global strings, taking into account exist-
ing observational constraints. Beyond the minimal cosmic-string models { depending only
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on G� (or equivalently � ) { discussed here, there are several other well-motivated cosmic-
string models that depend on additional parameters, modifying the string-network dynamics
and leading to interesting features on GWB. These include the superstrings [773{778], the
metastable cosmic strings [757, 779{789], Hubble-induced strings [790] and superconducting
strings [791{794]. Although their GWB and features are relevant for ET, these models are
subjected to some uncertainties and will need more numerical studies in order to draw robust
predictions.

2.2.3.2 Gravitational waves from local strings. Due to the vast separation of scales
between the length and the width of a cosmic string, it is often convenient to describe their
dynamics in the zero-width limit. For local strings, this results in a Nambu-Goto action
characterised purely in terms of G� . Cosmic string networks can also be studied using
lattice �eld theory simulations (see, e.g., [795{797]). The results from these simulations have
sparked a long-standing debate on how to reconcile these two types of simulations. Recent
studies however suggest that indeed �eld theory string loops coming from cosmic string
network simulations evolve as Nambu-Goto dictates [798]. On the other hand, it is clear that
more work in this direction is needed to conclusively show the agreement between these two
approaches. Here we will concentrate of the predictions from Nambu-Goto strings.

This Nambu-Goto approximation has been used extensively in the literature to investi-
gate the dynamics of local string networks (see, e.g., refs. [757, 758, 768, 799] for reviews).
The picture that emerges is that each Hubble patch containsO(1) `long' superhorizon strings,
which continually produce closed string loops by self-intersecting. These loops evolve peri-
odically over time, expanding and contracting at relativistic velocities due to their tension.
This relativistic dynamics results in strong GW production from loops, particularly via pro-
nounced features such as cusps (string segments which move instantaneously at the speed
of light), kinks (discontinuities in the tangent vector along the loop), and kink-kink col-
lisions [771, 800, 801]. As a result, loops decay in size and energy via GWs long kinky
strings [802] at a rate dE/d t � � � GW G� 2 (with � GW � 50 a dimensionless coe�cient
[801, 803, 804]), radiating at increasingly high frequencies until they vanish from the net-
work. This decay of individual loops, combined with the continuous production of new loops
from the self-intersection of `long' strings, leads to an attractor solution in which the distri-
bution of loop sizes and the total energy contained in the network scale with the expansion
of the Universe [805]. This is the so-calledscaling solution. Evidence of this attractor so-
lution has been found in many of the numerical simulations of string networks (see, e.g.,
[799, 806{808]).

Early attempts to detect local strings focused mostly on their imprints on the cosmic
microwave background (CMB) due to the de
ection of CMB photons, resulting in constraints
of G� . 10� 7 [809{812]. However, the advent of GW astronomy has enabled much more
sensitive searches, and therefore much more stringent constraints on the string tension, as we
discuss below. The main theoretical uncertainty in these searches is the loop size distribution
reached by the network in the scaling regime. The two most well-established models for this
distribution { which we refer to here as model A [813] and model B [814] (based on [815])
{ predict di�erent abundances of small loops, and therefore di�erent GW signatures, par-
ticularly at the higher frequencies relevant to ground-based interferometers such as ET and
LIGO/Virgo/KAGRA. For a discussion of the origin of this discrepancy on the loop number
density of non-self-intersecting loops computed from di�erent simulations see [816, 817].

Another important theoretical uncertainty on the computation of the GW signatures
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of cosmic strings comes from the role played by gravitational back-reaction on the loop's
evolution. The emission of gravitational radiation from loops modi�es their shape altering
their power spectrum. This e�ect has been recently studied analytically as well as numerically
from a small number of loops [818{822]. However, its impact on the �nal gravitational wave
signals coming from strings has only been discussed on simple toy model description in [804].

2.2.3.3 GWs from global strings. The dynamics of global strings can be described e�ec-
tively as Nambu-Goto strings coupled to the Goldstone-boson �eld using the Kalb-Ramond
action [823{825]. This additional coupling a�ects GW production in two ways. First, the
evolution of the global-string network is modi�ed by the back-reaction from Goldstone emis-
sion [826{828] in competition with the loop-chopping; this a�ects the loop number den-
sity. Second, a global-string loop only lives for a short time after its production because
it decays quickly into Goldstone bosons at the rate dE/d t � � � gold �= log

�
H � 1=w

�
with

� gold � 65 [824], which isO(1=(G� )) more e�cient than GW emission. Similarly to local
strings, long global strings emit Goldstone bosons [829]. As a result, the GW production
from loops is roughly the same as the time of loop production, and is therefore diluted more
by Hubble expansion than in the local-string case. The resulting GWs are highly suppressed
compared to those from local networks formed at the same symmetry-breaking scale [830{
833]. In the case of axion strings, the spectrum is cut o� at frequencies below a threshold
set by the axion mass due to the strings decaying. However, for axion mass below 10� 22 eV
and axion decay constant� 1015 GeV that do not cause dark matter overproduction [765{
767, 833{838], this cuto� is well below the ET frequency band, so can be neglected here. (This
cuto� is relevant however for low-frequency GW observations, e.g. with PTAs [833, 839].)

GW predictions for global strings must be treated with care, as there are several unre-
solved theoretical uncertainties. Many lattice simulations have attempted to verify whether
the global string network actually reaches the scaling regime or has its string correlation
length corrected with log

�
H � 1=w

�
[826, 828, 833, 835{838, 840{844]. Moreover, the recent

debate on the powers of emissions into GW, Goldstone bosons, and massive radiation in
di�erent numerical simulations is open [833, 845{848], e.g., the amplitude of the GW signal
can be smaller by log2(H � 1=w) than the previous expectation [848].

In addition to GWs, the massless Goldstone production from global strings is subject
to strong constraints on the number of relativistic degrees of freedom present at BBN and
CMB scales,Ne� . Accounting for uncertainties in the global-string network evolution, this
constraint bounds the energy scale of the string network formation to be� . (1 � 3) � 1015

GeV [832, 833]. The bound from de
ection of CMB photons (G� (tCMB ) . 10� 7) also gives
similar constraints [830{833].

2.2.3.4 GW background from strings. The incoherent superposition of GWs from many
string loops gives rise to a GWB signal, whose amplitude and spectral shape are determined
by the symmetry-breaking scale� (which in the case of local strings corresponds one-to-one
with the string tension G� ), as well as by the loop network modelling as discussed above. As
mentioned above, the signal spans many decades in frequency, due to the very broad range
of loop sizes and emission epochs involved in the network. As a result, it is possible to set
complementary constraints on string scenarios with multi-band GW observations. For local
strings, results from the LVK O3 stochastic search rule out G� & 10� 8 for model A and
G� & 4 � 10� 15 for model B [94], while the most recent results from NANOGrav and EPTA
each rule out G� & 10� 10 for both models A and B [384, 769, 770]. (This assumes that
the GWB signal detected by these PTAs is due to inspiralling supermassive binary black
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Figure 2.13 : Forecast power-law-integrated GWB sensitivity of ET, compared with signals
from local Nambu-Goto strings of various tensionsG� . We consider both the triangular
con�guration for ET with 10 km arms, and the 2L con�guration with 15 km arms, misaligned
as in [16]; the solid black curves corresponds to one year of observations, while the dotted
black curve corresponds to 10 years. The left and right panels show the predictions for
models A [813] and B [814] of the loop network, respectively. Both models predict that, in
the triangle con�guration, ET will be sensitive to G� & 10� 18 after one year of observations
with SNR � 1.

Figure 2.14 : Spectra of GWB from global strings formed at energy scale� are shown in
solid colored lines. The black lines are the same ET-triangle sensitivity curves as shown in
�gure 2.13. We used the semi-analytic calculation in [831]; see also [830, 832].

holes [849]; several more exotic explanations for this signal have been proposed, including
cosmic strings.)

These constraints will improve drastically with next-generation GW observations in the
2030s. The space-based interferometer mission LISA, which has recently undergone ESA
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Figure 2.15 : Expected rate of detected bursts in Einstein Telescope as a function of the
string tension for models A and B. In case ET does not detect bursts from cosmic string
cusps, the orange hatched region is excluded after 4 years of observations and the blue
hatched region is excluded after 8 years.

adoption [293], is expected to be sensitive to local string networks withG� & 10� 17 (for both
models A and B) [768]. As shown in �gure 2.13, we can expect even stronger constraints from
ET. In the triangular 10km con�guration we can probe string tensions G� & 10� 18 with just
one year of data both for models A and B, while with the 2L 15km aligned con�guration we
can probeG� & 10� 19, for model A, and slightly smaller for model B [16].

For global strings, as shown �gure 2.14, we can expect ET to probe� & 8 � 1014 GeV.
This sensitivity is comparable to that of LISA [831{833], while for the most recent PTA
data from e.g., NANOGrav, one obtains � & 3 � 1015 GeV [839], which is comparable to the
current constraints from Nambu-Goldstone radiation. ET will therefore improve upon these
current constraints; however, these other constraints are also likely to improve by the time
ET is operational, e.g., due to stage-4 CMB surveys [850].

2.2.3.5 GW bursts from strings. Strong bursts from nearby cosmic string loops may
be resolved in GW detectors and searches are currently undertaken with the hope to detect
individual cusps or kinks in LVK datatsets [94, 851] as well as PTA data [852]. Similar
searches will also be carried out in the future for LISA [293, 853, 854]. Here we forecast the
capabilities of ET to detect individual cusps assuming a single detector with a triangular
xylophone con�guration with 10km arms (ET LF+HF) [16].

As a �rst approximation, we compute the combined SNR of individual bursts using
the response function for a triangular detector [492] and claim a detection if the SNR is
above 20. Accurate data analysis would rely on match-�ltering methods or new methods
such as machine learning [855]. Similarly to the procedure already described for LISA [854],
we simulate a set of sources with random polarization and sky-localization, and obtain the
average response function of ET to cosmic string bursts as a function of their amplitude. We
then combine the response function of ET with the rate of bursts predicted for di�erent loop
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population models to obtain the expected rate of bursts detected in ET.
The expected burst rates for both models A and B are presented in �gure 2.15. For

G� � 10� 11 compatible with the PTA signal [384, 769, 770], one expects to detect about
one burst per year for B and 10� 2 for A. If ET does not detect bursts from cosmic string
cusps, it would place constraints on the abundance of loops in our cosmic neighbourhood,
and constrain the string tension to G� . 10� 11 for B and G� . 10� 10 for A.

Note however that the computation of these rates have not taken into account the e�ect
of gravitational back-reaction. This could not only a�ect the typical number of cusps per
loop but also their persistence in time.

2.2.4 GWs from domain walls

Domain walls (DWs) are two{dimensional defects (surfaces) that separate regions of space
belonging to physically di�erent vacua of the theory. These vacua are typically related by
a global discrete symmetry, so that they are exactly degenerate in energy and the DWs are
topologically stable. As the DW con�guration interpolates between discrete minima, the
corresponding �eld is forced to leave the vacuum manifold at the center of the wall, so that
its energy density can in fact be very high. Domain walls can possibly lead to a cosmological
problem if they are absolutely stable and eventually dominate the energy density of the
Universe. Solutions to this problem come with interesting phenomenological consequences
for the domain wall network, as we will discuss.

Domain walls arise in many beyond Standard Model theories where the symmetry of
the SM is extended and a discrete group (or subgroup) of this symmetry is spontaneously
broken during the cooling of the Universe. The list of motivated models is large and in-
cludes: discrete 
avor symmetries [856, 857], two-Higgs [858, 859], twin-Higgs [860, 861],
composite Higgs [862, 863] models, non-Abelian 
avor symmetries [856, 857], axion mon-
odromy [864, 865], supersymmetry [866{870], grand uni�cation [871{873], Hubble-induced
phase transitions [874, 875] and discrete spacetime symmetries [876{881].

QCD axion models [398{401] are of particular interest. While solving the strong CP
problem of the Standard Model, they lead naturally to DWs [762, 763, 882]. The underlying
Peccei-Quinn (PQ) mechanism introduces a new globalU(1)PQ symmetry that is sponta-
neously broken at a high scaleFa and it is anomalous under QCD [398, 399]. At low
energies, the model consists of the (pseudo-)Goldstone boson, the axion, coupled to topolog-
ical defects: global strings, and DWs. See also [883{887] and [402, 404, 888{899] for recent
reviews on several aspects related to axion models and phenomenology.

In post-in
ationary scenarios, the cosmological PQ phase transition leads to the for-
mation of a network of U(1)PQ global strings. At much lower temperature, T � � QCD ,
QCD further breaks U(1)PQ to a discrete subgroupZNDW , and DWs appear. The integer
NDW is the number of DWs attached to each string and is a model dependent parameter (it
relates to the PQ charges of SM and/or heavy quarks). IfNDW = 1, the string network is
quickly annihilated at T � � QCD and negligible GWs are produced. Instead, ifNDW > 1
a string-wall network is formed and some additional U(1)PQ breaking sector enforces DW
annihilation.

As a result, QCD axion models with NDW > 1 naturally lead to a DW epoch and so
to potentially a sizeable GW signal. The signal is strongest in heavy QCD axion, which
are themselves of particular interest because they address the axion `quality' problem [900{
919], see also [920{922]. Importantly, in these models the amplitude of GW observables is
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correlated with the proton an electric dipole moments [920, 921], which is a welcome feature
towards possible degeneracies in interpretations.

The relevance of DWs in cosmology has been pointed out a long time ago [756, 923].
The typical setup involves the spontaneous breakdown of a discrete symmetry during the
thermal history of the Universe. Regions of space separated by distances that are larger
than the correlation length of the �eld around the temperature of the phase transition will
randomly select one among the possible vacua of the theory. DWs will then form at the
boundaries between these causally{disconnected regions where the �eld remains trapped at
the maximum of the potential.

The resulting DW network is characterized by the tension � , which measures the DW
energy (or mass) per unit surface, and the correlation length,R, indicating the typical
distance between the walls as well as their average curvature radius. The evolution of the
network in a cosmological setting is determined by the tendency of the walls to reduce
their energy by reducing their surface, as well as by the Hubble expansion and the e�ect of
friction with the surrounding plasma. When particle friction can be neglected, the network
is known to approach an attractor solution independently of the initial conditions in which
the correlation length is set by the Hubble horizon, R = �H � 1, with constant � = O(1)
indicating the average number of DWs per Hubble patch. In this so{called scaling regime,
the energy density of the network is

� DW = 2A �H; (2.47)

with A = O(1). It appears from the scaling in (2.47) that the DW energy density will
eventually take over the energy in matter and radiation leading to an inconsistent cosmol-
ogy [763, 923, 924]. This conclusion can be avoided if the DWs still remain a subdominant
component of the energy budget today. This can occur if the DW tension is small enough,
or in case a period of in
ation has provided su�cient dilution of the network. These two
options inevitably suppress most of the signals coming from the DWs. We will instead con-
sider a third possibility in which the DW network is actually metastable and it undergoes
annihilation at a temperature Tann when its energy density is still far from domination.

As mentioned before, DWs related to exact discrete symmetries are topologically stable
and cannot annihilate. To allow for annihilation one then needs to introduce an explicit
breaking of the underlying discrete symmetry so that the degeneracy of the vacua is lifted
by a small bias � V . This introduces an additional force acting on the network, namely a
vacuum pressure towards the true vacuum of the theory. At the early stage of the evolution,
the bias has no e�ect and the network can still reach the scaling regime. However, at the
temperature Tann when the vacuum pressure balances the tension force�=R , the friction with
the plasma as well as the Hubble expansion, the network begins to collapse. One estimates
this temperature to be related to � V as [925{928]

Tann ' 270 MeV

 
� 1=3

100 TeV

! � 3=2  
� V 1=4

100 MeV

! 2 �
g�

10

� � 1=4

: (2.48)

Annihilation at Tann results in the copious production of gravitational waves, particle excita-
tions and (as discussed in section 2.2.5.3) possibly additional relics such as primordial black
holes. The energy budget available from the DW annihilation can be parameterized by� ann

given by

� ann �
� DW

� tot

�
�
�
ann

' 0:02

 
� 1=3

100 TeV

! 3 �
Tann

100 MeV

� � 2 �
g�

10

� � 1=2

; (2.49)
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Figure 2.16 : Left: ( � ann; Tann) parameter space which can be probed by ET, assuming a
triangular xylophone con�guration with 10km arms (orange), a 2L misaligned con�guration
with 15km arms (blue), both for an observation time of T = 1 year and SNR = 1. For
comparison, we show the sensitivity region of LVK A+ (purple) with T = 1 year and SNR = 1.
Contours of h2
 peak and f peak are shown by black and brown dashed lines respectively. Right:
bias vs. tension parameter space with similar sensitivity regions as on the left plot. Brown
dashed lines indicate the size of the bias. The gray region corresponds to a forbidden DW
dominated Universe, for which � ann � 1.

with � tot = 3H 2M 2
Pl the total energy density, and � ann < 1 to avoid DW domination. The

corresponding spectrum of GWs is characterized by a peak amplitude


 peak ' 1:64� 10� 6
�

~� gw

0:7

� �
A
0:8

� 2 �
g� (T)

10

� �
g� s(T)

10

� � 4=3

� 2
ann ; (2.50)

with ~� gw an O(1) e�ciency factor, and the peak frequency is

f peak ' 1:15� 10� 9 Hz
�

g� (T)
10

� 1=2 �
g� s(T)

10

� � 1=3 �
Tann

10 MeV

�
: (2.51)

As expected, the GW amplitude scales like� 2
ann while the peak frequency is set by the

correlation length of the network just before annihilation begins, which for the scaling solution
corresponds to the Hubble horizon atTann.

Figure 2.16 shows the reach of ET to these signals, in terms of the model independent
parameters, � ann; Tann, and of the parameters in the minimal Z2 model. We choose to show
the energy scales associated to the DW tension and the bias,� 1=3 and (� V )1=4, which in the
simplest model mark the scales of spontaneous and explicit breaking of theZ2 symmetry.
The breadth of the ranges of scales is remarkable.

It is worth mentioning that GWs are actually continuously radiated by the DW network
from the moment of its formation. However, since the DW energy density grows with time
with respect to the critical density, the contribution to the GW spectrum is maximal at
T = Tann and it outshadows the previous emission. Let us also mention that our expressions
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for the amplitude and peak frequency correspond to the spectrum coming from the last
moment of scaling, and does not include the contribution from the actual collapse of the
network. This has been recently investigated in ref. [929, 930]. Additional e�ects may arise if
the friction from the thermal plasma on the DW network is not negligibile around the time
of annihilation [931, 932].

Finally, note that collapsing DW networks also can lead to substantial PBH formation,
see section 2.2.5.3. This adds signatures to the DW models that are correlated with GW
observables, which should be useful to discriminate among di�erent candidate sources.

2.2.5 Primordial black holes

Primordial Black Holes (PBHs) can form in the very early Universe through a variety of
mechanisms and have been studied as a possible candidate to explain the dark matter (see
e.g., [933] for a recent review). Nevertheless, even if they accounted for a subdominant con-
tribution to the current energy density in the Universe, they could have played a crucial role
in the cosmological history, leading to various GW signatures. As the mass of these objects
is linked by model-dependentO(1) factors to the mass of the Hubble scale at formation,
they could have formed within a very large range of masses, potentially even lighter than
mPBH . 10� 18M � corresponding to unstable objects through Hawking evaporation within a
timescale comparable to the age of the Universe [934]. The Einstein Telescope has the op-
portunity to constrain this putative population of BHs by searching for the associated GW
signatures.

A population of PBHs is expected to form binaries which could merge in the relatively
late-time Universe and lead to GWs signatures.16 These signatures of PBH binaries falling
within the ET frequency band would come from PBH of masses around the stellar mass
and thus need to be distinguished from the expected signatures of astrophysical origins, i.e.
coming from stars and astrophysical black holes. This is discussed in detail in Chapter 3,
dedicated to GW population studies.

In this section, instead, we will focus on the truly cosmological signatures of PBH
formation scenarios, i.e., the cosmological GWB associated with the physical mechanisms
that lead to the collapse of large overdensities in the early Universe. As the formation of
PBHs requires extreme overdensities, it is generically associated with the emission of sizeable
GWB. To gain an intuition on the typical mass range probed by ET, we can consider the
relation between the present-day GW frequency and the mass contained in the Hubble sphere
at Hubble crossing time (taken to be a proxy for the PBH mass)

f GW = 4 :1 Hz
� �

2:51

� � g�

106:75

� � 1=12
�

M H

10� 17M �

� � 1=2

; (2.52)

where � = kr m relates the perturbation size rm (see, e.g., [936]) to the wavenumberk and
g� is the number of e�ective degrees of freedom in the energy density (see, e.g., [500, 501]),
that in eq. (2.52) has been normalized to the value that it has in the Standard Model at
high energy. From this relation, we immediately see that ET will probe the formation of
ultra-light PBHs, potentially narrowing the open window where no bounds prevent PBHs
from being the dark matter (see, e.g., [498] for a recent review).

16 Note, however, that for PBHs formed at the early Universe, the expansion of the Universe cannot be
neglected, questioning the choice of metric that most adequately describes PBHs. The choice of the appropriate
metric will have implications for the conditions for two PBHs to form a decoupled binary, and therefore for
calculating the merger rate [935].
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2.2.5.1 PBHs from primordial perturbations. The simplest formation scenario as-
sumes the collapse of extreme inhomogeneities during the radiation-dominated era [937{
940]. The PBH mass resulting from the collapse is related toM H by an order-unity factor
controlled by the critical collapse parameters [941] (see [942] for a recent review). Adopting
threshold statistics, we compute the mass fraction� assuming Gaussian primordial curvature
perturbations (see e.g., [943{947] for extensions alleviating this assumptions) and accounting
for the nonlinear relationship between curvature and density perturbations [948{950]. One
obtains

� = K
Z

� min
l

d� l

�
� l �

3
8

� 2
l � � c

� 


PG (� l ) ; (2.53)

where PG is the Gaussian distribution for the linear component of the density contrast � l ,
related to the primordial curvature perturbations by � l = � 4r@r � (r )=3. We indicate with
� (rm ) the variance of the linear density �eld computed at horizon crossing time and smoothed
on a scalerm (see e.g., [951] for more details), while� c is the threshold for collapse derived
by dedicated numerical relativity simulations [952{955]. We also introduced the parameters
K and 
 to include the e�ect of critical collapse [941, 956{959].

The same large adiabatic perturbations required in this scenario of PBH formation are
also inevitably responsible for the GW emission at second order in perturbation theory [960{
967]. The current energy density of these scalar-induced GWs (SIGW, whose e�ect on
anisotropies of the CGWB we already discussed in section 2.1.2.1) is given, in terms of the
curvature power spectrum P� , by (see e.g., [968] for a recent review)


 GW ;0 = cg 
 R;0

Z 1

0
dv

Z 1+ v

j1� vj
duT (u; v)P� (ku)P� (kv): (2.54)

We introduced the parameter cg, which accounts for the suppression of SIGW amplitude
induced by the evolution of the degrees of freedom in thermal equilibrium, withcg ' 0:4
assuming that the Standard Model remains valid up to the relevant energy, whileT (u; v) is
the so-called transfer function [969, 970] which accounts for the time evolution of the source.
For a su�ciently narrow spectrum of curvature perturbations, the SIGW spectrum features
a low-frequency tail that scales as 
GW � f 3, due to the causality limited e�ciency of the
super-Hubble emission [971{975], while the high-frequency tail that depends on the drop-o�
of the curvature spectrum. The peak amplitude is expected to be 
GW ' 10� 5A2, where A
parametrizes the enhanced amplitude ofP� at small scales.

In �gure 2.17, we show the region of parameter space that ET will be able to constrain
by searching for SIGW signals (orange dashed line). This plot assumes the curvature power
spectrum to feature a lognormal enhancement at aroundk� with a width � = 1 (see [729] for
more details). The green curve indicates the amplitude required to generate PBH abundance
that saturates the current constraints in the mass range shown in the upper edge of the plot.

The parameter space on the left of the dashed diagonal line in �gure 2.17 (see also the
range between the dashed lines in �gures 2.18 and 2.19) indicates the asteroid mass window
where the PBHs can constitute all of dark matter. For lower masses, i.e., to the right side
of the dashed line, Hawking evaporation leads to the emission of particles that could be
detected with di�erent probes (mainly BBN, CMB anisotropies and distortions and cosmic
rays, among others [498]). However, these bounds may be avoided in scenarios where black
hole evaporation deviates from the semi-classical result [976{979]. Furthermore, microscopic

{ 73 {



Figure 2.17 : Upper bound on the amplitude of the curvature power spectrum at small
scalesA as a function of the wavenumberk� in case of null detection of a SIGW. The green
and blue regions at the top show, respectively, the exclusions from PBH constraints and from
BBN/CMB constraint on the number of relativistic degrees of freedom. In red the bound
from LVK is shown for comparison.

horizonless relics could form in the early Universe either directly through gravitational col-
lapse or as stable remnants of the Hawking evaporation of primordial black holes. In both
cases they completely or partially evade cosmological constraints arising from Hawking evap-
oration and they could still explain the entirety of the dark matter in certain mass ranges, a
scenario that will be tested by ET [499, 980, 981].

2.2.5.2 PBHs from phase transitions. Cosmological phase transitions are typically
associated with the breaking of global or local symmetries in a process where the vacuum
expectation value of a scalar �eld changes. They can be either continuous transitions where
the scalar �eld rolls down to the new minimum or �rst-order transitions that proceed by
nucleation and expansion of bubbles inside which the �eld is in the true vacuum, see the
discussion in section 2.2.2. Either way, the transition can lead to the formation of large
inhomogeneities, GWs and even PBHs. For the latter, the transition typically needs to be so
strongly supercooled that the vacuum energy of the scalar �eld in the false vacuum causes
a period of thermal in
ation. The formation of PBHs can occur during the transition in
collisions of several bubbles [982{984] or after it when the scales that exited the cosmological
horizon during the thermal in
ation reenter the horizon [985{989]. In terms of the phase
transition parameters de�ned in section 2.2.2, the �rst-order phase transitions where PBH
formation is e�cient correspond to � � 1 and �=H � . 8.

In case of a �rst-order phase transition, the distribution of the density contrast �
generated for the modes that exited horizon during the thermal in
ation has a negative
non-Gaussianity [989]. For comparison, models of primordial in
ation including an ultra-
slow-roll period during which the 
uctuations can became very large predict a positive non-
Gaussianity [990]. This implies that the SIGW signature (2.54) of the PBH formation from
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Figure 2.18 : Lower bound on the inverse time duration of the phase transition�=H � as a
function of the temperature Treh right after the phase transition in case of null detection of a
SIGW. The green and blue regions at the bottom show the exclusions from PBH constraints
and from BBN/CMB constraint on the number of relativistic degrees of freedom.


uctuations generated during a �rst-order phase transition is stronger because the PBH
abundance is sensitive to the large� tail of the distribution that is suppressed by the neg-
ative non-Gaussianity, whereas the SIGW abundance is sensitive to the typical values of� ,
i.e. the width of the distribution. Moreover, as discussed in section 2.2.2, also the bub-
ble collisions source GWs. Consequently, the GW spectrum related to PBH formation in a
strongly supercooled �rst-order phase transition has two peaks [989]: the SIGW peak at the
scale corresponding to the horizon size at the end of the thermal in
ation, and the bubble
collisions GW peak at the scale corresponding to the typical bubble size.

In �gure 2.18 we show the parameter space ET will be able to probe by searching the
GWB from a strongly supercooled (� � 1) �rst-order phase transition. For �=H � . 20
the double-peak structure of the spectrum can be detectable, whereas for�=H � & 20 the
component sourced by bubble collisions fully dominates the spectrum. The range of ET
extends up to PBH masses' 10� 10 M � , covering the asteroid mass window where PBHs
can constitute all DM. At these masses ET will probe the high-frequency tail of the GW
spectrum sourced by the bubble collisions.

2.2.5.3 PBHs from collapsing domain wall networks. We have summarized the mo-
tivation and observational consequences of Domain Walls in section 2.2.4. In short, DW
networks have a strong impact on cosmology and so they are an excellent means to probe
models with spontaneously broken discrete symmetries. The strong impact translates into
abundant production of cosmological relics, like a GW background.

The ability of DW networks to form PBHs has been re-examined recently [930, 991{998].
The PBH formation process is tied to the annihilation regime, the end of the DW epoch.
As in section 2.2.4, we specialize the discussion to the simplest annihilation mechanism, a
small explicit breaking of the discrete symmetry. This uplifts the degeneracy in the vacuum
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Figure 2.19 : Constraints from PBH overproduction as a function of temperature TGW

and DW abundance at the peak of GW emission (adapted from [930]). Superimposed, the
detectable regions with ET and LKV design as well as the exclusion from LVK O3 data. The
shaded region above the solid line is excluded from the PBHs formed attPBH or later. The
dash-dotted and dotted lines refer to sub-Hubble PBHs, for representative values of� c, giving
a reasonable sense of current systematic uncertainties. The vertical dashed lines indicate the
asteroid mass range (assuming� c = 1).

energies of the vacua, �V , which acts as a pressure that pushes the walls to increase the true
vacuum volume. During annihilation most DWs collapse due to tension� DW and vacuum
di�erence � V . The annihilation time tann is estimated from � DW Hann ' � V . At that time
the fraction in DWs is given by � ann, see (2.49), which must satisfy� ann < 1 in order not to
run into a DW problem.

The PBH abundance is mainly governed by two factors [994]: the likelihood that Hubble-
sized false vacuum pockets shrink within their own Schwarzschild volumeR3

S; and the number
of Hubble-sized pockets at each time. The �rst factor is small at tann (for � ann � 1), but it
increases in time [994]. This leads to a rather sharp notion of `PBH formation time',tPBH ,
de�ned as when the Schwarzschild radius of a Hubble-sized pocket coincides with the Hubble
length. Surviving Hubble-sized pockets att & tPBH convert into BHs e�ciently, indepen-
dently of shape and angular momentum (and have a baby-Universe wormhole topology, see
[991, 992]). Notice that there is a parametric delay between between the the time of GW
emission (set bytann up to a numerical factor [930]) and PBH formation: tPBH � tGW =� 1=2

ann

[930, 994].
The second factor (the abundance of Hubble sized pockets) requires a dedicated com-

putation of how fast the network decays in time, which is challenging from the point of view
of numerical simulations. Recent work combining numerical simulations and semi-analytical
methods [930] concluded that this abundance decays like exp

�
� (t=� )3=2

�
, see also [999]. For

Hubble-sized pockets the decay time� is shorter than tann by a factor 2� 3 [930]. This leads
to a very strong dependence of the abundance, of the form exp

�
� c � � 3=4

ann
�

with c a constant.
False vacuum pockets entering beforetPBH can also form BHs, though they require

some amount of sub-Hubble contraction. Their collapse probability depends signi�cantly
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on asphericities, angular momentum, etc, but on the other hand these pockets are more
abundant. A proper computation of this population is challenging and, at present, lacking.
A pragmatic way to account for these sub-Hubble BHs is to introduce a lower collapse
criterion, � c (the minimum value of RS H when the pocket enters the Horizon).

The resulting constraints are shown in �gure 2.19 as a function of temperatureTGW

and DW abundance at the peak of GW emission, together with the detectable regions in
ground based observatories. Remarkably, ET will be able to test whether DM is composed
of asteroid mass PBHs produced during the collapse of a DW network.

2.2.6 GWs as probes of the early Universe expansion history

When studying modi�cations to the standard cosmological model based on GR and �CDM,
it is convenient to distinguish between the early Universe evolution, de�ned as the evolution
from the earliest instants of the Universe until, say, Big Bang Nucleosynthesis (BBN), and
the late Universe evolution, from BBN until the present epoch. The late Universe evolution
is strongly constrained by observations, and the role of GWs in probing it will be discussed
in details in section 2.3.Early Universe cosmology is much less constrained. Deviations form
the predictions of GR and �CDM could appear as a consequence of modi�cations of gravity
relevant at high energies, which indeed emerge in di�erent contexts [1000], such as scalar-
tensor theories [1001{1003], braneworld theories [1004, 1005], compacti�ed extra dimensions
and Kaluza-Klein models [1006, 1007],f (R) theories and theories with higher-order terms in
the curvature invariants [1008, 1009], string loop e�ects [1010] or string cosmology [655, 1011].
The evolution predicted by the standard �CDM cosmological model can also be a�ected, in
the early Universe, by physics beyond the Standard Model, phase transitions, etc. In the
previous subsections we have seen for instance how such physics beyond the Standard Model
could lead to GW signals produced by cosmic strings, domain walls, or related to primordial
BH formation.

Another way in which GWs can be used to probe the early Universe, and in particular
modi�cations of its expansion history, is through the imprint that the expansion history
leaves on primordial GWs (PGWs) produced in the early Universe, as they propagate until
the present epoch. This information is contained in the transfer function, that connects the
primordial power spectrum to the power spectrum observed today. To �x the notation, let us
recall that the primordial power spectrum PT;in (k) of the tensor perturbations was de�ned in
eq. (2.29). The simplest form of the spectrum, at least in a range of comoving wavenumbers
k close to a \pivot scale" k� , is just a power-law, see eq. (2.30), characterized by an amplitude
AT (which depends on the value chosen fork� ) and a tilt nT (which to a �rst approximation
can be taken as constant, or else can also be made to \run" withk). A typical choice for k� is
0:05 Mpc� 1, corresponding to the wavenumbers probed by the CMB. The tensor amplitude
AT (k� ) can be traded for the tensor-to-scalar ratior (k� ) = AT (k� )=AS(k� ), where AS(k� ) is
the analogous amplitude for scalar perturbations, whose value is �xed by CMB observations:
e.g., AS(k� = 0 :05 Mpc� 1) ' 2:14� 10� 9.

Given a cosmological model, such as �CDM, the evolution in time of the Fourier modes
of the GW perturbations over a FRW background can be computed, and the result is encoded
in the transfer function TGW (k),

~hA (� 0; k) = TGW (k)~hA (� in ; k) ; (2.55)

(where A = + ; � labels the two polarizations and, at least in GR as well as in any modi�-
cations of it that preserves parity, the transfer function is the same for both polarizations).
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Then, the power spectrum observed today,PT;0(f ), is related to the primordial tensor power
spectrum by

PT;0(k) = jTGW (k)j2 PT;in (k) : (2.56)

Instead of the comoving wavenumberk, we can equivalently express all results in terms of
the GW frequency observed today,f , which (in units c = 1) is related to k by f = k=(2� ).
The relation between 
 GW (f ) and PT;0(k) is given by [see eq. (19.288) of ref. [501]]


 GW (f ) =
� 2

3H 2
0

f 2PT;0(f ) ; (2.57)

and therefore


 GW (f ) =
� 2

3H 2
0

f 2jTGW (f )j2 PT;in (f ) ; (2.58)

where we have usedf = k=(2� ) as the argument of the functions. In particular, for modes that
re-entered the horizon during radiation dominance, i.e. modes withf � f eq � 1:7� 10� 17 Hz
(and therefore for modes relevant for pulsar timing arrays, space-borne and ground based
GW interferometers), we have

h2
0
 GW (f ) '

1
24

h2
0
 R

�
g� (Tk )
3:363

� �
3:909

gS
� (Tk )

� 4=3

PT;in (f ) ; (2.59)

where 
 R is the energy fraction of radiation (numerically h2
0
 R ' 4:184� 10� 5); Tk is the

temperature at which a mode with comoving wavenumberk re-enters the horizon; andg� (T)
and gS

� (T) are the e�ective number of species in the energy density and in the entropy,
respectively, at temperature T. For the frequencies relevant for space-borne and ground-
based interferometers we haveTk � 100 GeV and, in the Standard Model,g� (Tk ) = gS

� (Tk ) '
106:75, and therefore

h2
0
 GW (f ) ' 6:73� 10� 7 PT;in (f ) ; (2.60)

where we have used the numerical valueh2
0
 R ' 4:184� 10� 5. Equivalently, using eq. (2.30)

for the primordial power spectrum, and writing AT (k� ) = r (k� )AS(k� ), h2
0
 GW (f ) can be

written as in eq. (2.31).
If the cosmological evolution is modi�ed, with respect to that obtained assuming the

validity of GR and �CDM, the transfer function in eq. (2.55) will be di�erent and, given a
mechanism that produces a known primordial spectrumPT;in (f ), the stochastic GW back-
ground observed today, given by eq. (2.58), will be di�erent from that expected in GR and
�CDM. Stochastic GW backgrounds can therefore be a probe of the expansion history of the
Universe, and in particular of the early Universe, for which it is in general more di�cult to
obtain observational constraints.

Power-like phenomenological modi�cations of the expansion rate. At the level of background
evolution, modi�cation of the expansion rate can be described writing H (t) as HMC (T) =
A(T)HGR (T) [1012{1014], whereHMC (T) refers to a given modi�ed cosmology whileHGR (T)
refers to the standard cosmological model (GR+�CDM). The factor A(T), which depends
on the temperature and accounts for the underlying modi�ed cosmological model, can be
parameterized phenomenologically in di�erent ways [1012, 1013]. In all cases, to avoid con
ict
with the successful predictions of BBN [1015{1017], the parametrization must satisfy the
conditions A(T) ! 1 at the onset of the BBN period. At early times, however, one can have
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Figure 2.20 : h2
 GW (f ) for the ampli�cation of vacuum 
uctuations in standard single-�eld
slow-roll in
ation. The gray dashed lines corresponds to the result in GR+�CDM, assuming
a tensor-to-scalar ratio r = 0 :07 and a scale-invariant primordial tensor spectrum,nT = 0.
The colored lines show the result obtained with the modi�ed cosmological discussed in the
text, for �xed f � ' 2:5 � 10� 6 Hz, and A � = 1 (blue dashed lines), A � = 10 (green dot-
dashed lines),A � = 100 (red dotted lines), and � = 0 (left panels), � = 1 (right panels). The
colored regions refer to the BBN constraint and the projected sensitivities of various GW
observatories.

A(T) signi�cantly di�erent from one. A number of models, in this regime, can be described by
a power-law function A(T) ' A � (T=T� ) � [1012, 1013], withf A � ; � g dimensionless constants
and T� a reference temperature. In particular,� = 2 corresponds to a Randall-Sundrum type
II brane cosmology; � = 1 to kination models in GR; � = 0 gives a model with a constant
rescaling of the Hubble expansion rate;� < 0 in scalar-tensor cosmology; and� = 2=n � 2
in f (R) cosmology, with f (R) = R + �R n . This power-law behavior is then smoothly
interpolated toward A(T) = 1 at some temperature T� [1012, 1013]. For the analysis of the
PGWs spectrum, it is convenient to refer to the frequencyf � , instead of the corresponding
temperature T� . For f � f � and f � f � , the following general cases can be analyzed
[1018, 1019]:

ˆ f � f � . In this range of frequencies, the cosmology converges to GR,H (a) = HGR (a),
so the transfer function is the same and, for a given primordial spectrumPT;in (f ), the
spectrum PT;0(f ) observed today is the same. Thereforeh2

0
 GW (f ) / P T;in (f ), see
eqs. (2.59) and (2.60).

ˆ f � f � . In this range of frequency, the factor A(f ) plays a major role. The regimes
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